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^ ' Abstract: We introduce natural differential geometric structures underly- 

ing the Poisson-Vlasov equations in momentum variables. First, we decompose 
the space of all vector fields over particle phase space into a semi-direct product 

t^^ i algebra of Hamiltonian vector fields and its complement. The latter is related to 

dual space of the Lie algebra. We identify generators of homotheties as dynam- 

' (-H ', ically irrelevant vector fields in the complement. Lie algebra of Hamiltonian 

^ i' vector fields is isomorphic to the space of all Lagrangian submanifolds with 

respect to Tulczyjew symplectic structure. This is obtained as tangent space 
at the identity of the group of canonical diffeomorphisms represented as space 
of sections of a trivial bundle. We obtain the momentum- Vlasov equations as 
vertical equivalence, or representative, of complete cotangent lift of Hamilto- 
nian vector field generating particle motion. Vertical representatives can be 
described by holonomic lift from a Whitney product to a Tulczyjew symplectic 
^ . space. We show that vertical representatives of complete cotangent lifts form 

r^ ' an integrable subbundle of this Tulczyjew space. A generalization of complete 

cotangent lift is obtained by a Lie algebra homomorphism from the algebra of 
symmetric contravariant tensor fields with Schouten concomitant to the Lie al- 
gebra of Hamiltonian vector fields. Momentum maps for particular subalgebras 

S-J ' of symmetric contravariant tensors result in plasma-to-fluid map in momen- 

*vj . tum variables of Vlasov equations. We exhibit dynamical relations between Lie 

algebras of Hamiltonian vector fields and of contact vector fields, in particu- 
lar; infinitesimal quantomorphisms on their quantization bundle. A diagram 
connecting these kinetic and fluid theories is presented. Gauge symmetries of 

^^ , particle motion are extended to tensorial objects including complete lift of par- 

M ' tide motion. Poisson equation is then obtained as zero value of momentum map 

- - - for the Hamiltonian action of gauge symmetries for kinematical description. 









^This is an expanded (with the additions of more remarks and, sections 4 and 5.4) version 
of the article "Geometry of plasma dynamics II: Lie algebra of Hamiltonian vector fields" to 
appear in Journal of Geometric Mechanics, 2012. 



1 Introduction 

The dynamics of coUisionless plasma is governed by the Poisson-Vlasov equa- 
tions 

Vl4>fiq) = -e J fiq,p)d^p (1) 

I7 + - • V,/ - eV,0^ ■Vpf = (2) 

where /(q, p) is the density of plasma particles and </'/ (q) is the electric poten- 
tial depending on the density through the Poisson equation ([T]). The underlying 
geometric structure of the Poisson-Vlasov system of differential equations was 
made available by their Hamiltonian formulation glj, [53], [IS], [25], [10], [27] . 
The Vlasov equation was shown to be the Lie-Poisson equation on the dual of 
Lie algebra of group of canonical diffeomorphisms of particle phase space T*Q, 
identified with the space of densities [38 , [39, 40 . This identification was 
obtained as the dual of the isomorphism between the Lie bracket algebra of 
Hamiltonian vector fields and the Poisson bracket algebra of functions on T* Q 
defined up to addition of a constant. Based on this and with reference to the 
work of Van Hove in [77], it was already (foot-)noted in [38] that the correct con- 
figuration space for plasma dynamics is the group of transformations of T* Q x R 
preserving the contact one- form, also known as the group of quantomorphisms. 
In [24j . adapting the group of canonical diffeomorphisms as configuration 
space, we obtained Poisson and Vlasov equations in Eulerian momentum vari- 
ables which, by symmetry reduction, define the plasma density function / and 
give Eqs.(IT]) and ([2]) as well as their Hamiltonian structure. In this work we 
shall elaborate geometric structures underlying plasma dynamics in momentum 
variables and, we shall indicate, at infinitesimal level, connection with quanto- 
morphisms in the framework of kinetic theories. 

1.1 Preliminaries and motivation 

The Lie-Poisson construction starts with the kinematical description of particle 
motion on the phase space T*Q where Q C K^ is the configuration space of 
particles [39]. Take a curve tp^ in the group G = Diffcan{T*Q) of all canonical 
diflFeomorphisms of T*Q preserving the canonical symplectic two-form Ht'Q 
(see [4], [53], [52], [5], [42] for aspects of diffeomorphism groups). Given a point 
Z € T*Q regarded as a Lagrangian label, let z = (q, p) = ftCZ) ~ <y3(Z,t) 
denote the Eulerian coordinates of plasma particles. The phase space velocity 

z = |^,(Z)-X(z,t)-X,(^,(Z)) (3) 

generates the fiow tp^. Since (p^ is canonical, X is locally Hamiltonian. We 
assume that it is globally Hamiltonian and write h(z,t) for the corresponding 
Hamiltonian function so that X = X^ = flrptQ{—dh) on T*Q. 



Remark 1 For diffeomorphisms groups, exponential map assigns to each vec- 
tor the time-one map of its flow. This is neither surjective nor injective around 
identity J^. However, restricted to compact support, any smooth Hamiltonian 
vector field on T*Q generates a flow in G. The group G of canonical (or Hamil- 
tonian) diffeomorphisms is a subgroup in the identity component of the group 
of symplectomorphisms, that is, diffeomorphisms preserving a symplectic two- 
form. It is normal and path- connected JJ^. See J^ for a proof that G is a 
simple group. In fact, groups of symplectomorphisms, diffeomorphisms, volume 
preserving diffeomorphisms and contactomorphisms are simple indecomposable 
Lie groups in Cartan's list 



The gauge group of particle motion is the additive group J^{Q) of functions 
on Q acting on T*Q by fiber translations. The Lie algebra 

5 = [XhamiT* Q); -I]) 

of G consists of (smooth) Hamiltonian vector fields on T*Q and [ , ] denotes 
the standard Jacobi-Lie bracket, with conventions as in P]. The dual vector 
space 0* of the Lie algebra X.fiam{T* Q) is the non-closed one- form densities on 
T*Q. Equivalently, the space of one- form densities whose symplectic duals have 
non-vanishing divergences 

0* = {n,d ® d^i e A\T*Q) ® Den{T*Q) \ dtvn^,^ul^ ^ constant} (4) 

so that the pairing of g and g* is weakly nondegenerate with respect to the 
L^-norm [24], [13]. The further requirement in Eq.Q that they be different 
from constants is of dynamical origin and will be explained later in section 2.2. 
Reduction of canonical bracket on T*G by right invariant extension, that is 
the invariance under particle relabelling symmetry, of functions on T*G gives 
the -|-Lie-Poisson bracket 

{K (n,rf) , H (n,rf)}^p = / n,, (z) • [t^^^, J^. 

on g*, where 6K/5Ilid (z) and SH/SHid (z) are regarded to be elements of g j57] . 
dfi (z) = d'^qd^p is the Liouville volume element on T*Q and the bracket inside 
the integral is the Lie algebra bracket. In particular, for the right invariant 
Hamiltonian functional 

HlP iIi^d) - / {'n^d (Z) , Xh, (Z)) dfl (z) , (6) 

Jt*q 
involving the particle Hamiltonian 

hA^)^^ + lM^), (7) 

which depends on the density, and the non-closed one- form Hjrf(z) = 11^ ■ dq + 
Up ■ dp, the Lie-Poisson equations on g* are 

n, = -XhiUg) + e (Hp • V,) (V,0^) (8) 

iip = -Xhiiip) - -Ug (9) 

rn 



d/i(z) (5) 



which are the momentum- Vlasov equations [23]. The unconventional factor 1/2 
in the potential term of the function hf is a manifestation of the nonlinearity 
arising from the constraint imposed by the Poisson equation [U] , [JB] , [37] . By 
definition, the momentum variables (Ilg, lip) represent equivalence classes up to 
additions of the terms Vgfc(z) and Vpk{z), respectively, for arbitrary function 
fc(z). Thus, the reduced dynamics on g* has a further symmetry given by the 
action of the additive group J-{T* Q) of functions on T* Q. The momentum map 
Q* -^ T*{T*Q) = Den{T*Q) given by the differential substituition 

/(z) = dtvn^^^nl = Vp • n,(z) - V, • np(z) (lo) 

defines the plasma density function / [23] , [13] ■ The reduction of the Lie- Poisson 
structure gives the Vlasov equation ^ in density variable as well as the non- 
canonical Hamiltonian structure defined by the Lie-Poisson bracket 



{Kif),Hif)}^p^ f /(z) 

JT^Q 



SK SH 



,r.Q iSfizySfiz) 

on Den(T* Q) and the Hamiltonian functional 



dfj, (z) 



HlpU)^ I hf{z)f{z)dy^{2 
Jt'q 



Remark 2 The symmetries of the momentum,-Vlasov equations were used, in 
\24^ , to cast them into a canonical Hamiltonian formalism with a quadratic 
Hamiltonian functional. This leads Eqs. 0) and (^ to admit a variational 
formulations. Namely, the Lagrangian functional 

involving the velocity dTlp/dt shifted by the term —Xh(Tlp), gives the Euler- 
Lagrange equations 

u\z) + 2x,{W{z)) + xl{n^{z)) + ^5*^-^!%Mn''Xz) = o 

m aq'-aqj 
which can also he obtained from Eqs.^ and (0) by eliminating the variables Hi. 

In [24) , we presented Lie-Poisson structures in momentum and density vari- 
ables and establish the relations between the two. The formulation of dynam- 
ics in density variable is obtained by further reduction of momentum- Vlasov 
equations by the symmetry defining gauge equivalence classes of momentum 
variables. The gauge algebra is, as a vector space, shown to be the same as g 
but with an action different from the coadjoint action. The Eulerian velocity 
and momentum variables are elements of q= XhamiT* Q) and g*, respectively. 
These variables are complementary in the vector space TT*Q. Obviously, this 
and other geometric properties disappear upon identification of g and g* with 



function spaces F{T*Q) and Den{T*Q), respectively. Introduction of a formu- 
lation in the variables 11^^ provides a computational advantage and this also 
prevents us from confusion in the geometry which may arise upon identification 
with function spaces. For example, the function hf and the density / ap- 
pear symmetrically in the Hamiltonian functional of the Lie-Poisson structure 
whereas the corresponding variables X^f and 11^^ in g and g* are complemen- 
tary in the sense that fl^'QiB) ^-nd g* decompose the space of one- forms on 
T*Q into spaces of exact and non-closed one-forms, respectively (c.f. section 
2.1). The momentum- Vlasov equations in components of 11^^ expresses the evo- 
lution of a volume cell, that is the density /, in the phase space T*Q in terms 
of its boundaries, that is, surfaces of the momenta 11^^. This interpretation was 
first given by Ye and Morrison in [75] for the Clebsch variables {a, (3) defined 
by {a,l3}j,,g — f. In the present context, they form a non-closed one-form 
adp and can be identified with 11^^. The momentum formulation clarifies the 
geometric relation between the motions of plasma particles and the Lie-Poisson 
description of dynamics. It does become necessary to investigate the plasma 
dynamics described by the more basic momentum- Vlasov equations. 

This observation is the starting point of the present work and motivates the 
elaboration of geometric setting underlying the momentum- Vlasov equations ^ 
and (|ni). Our aim is to analyse in detail the structures of Lie algebra of Hamil- 
tonian vector fields and its dual in order to prepare a suitable background for 
application of Tulczyjew construction to orbits of canonical diffeomorphisms. 
As will be seen in the sequel, present formulation of dynamics on higher order 
tangent and cotangent bundles over T* Q constitutes a useful model for investi- 
gation of orbital dynamics. 

1.2 Content of the work 

In this work, we shall elaborate the central part of the following diagram 



^^^ v,TI..,„ ^..,.JTtt., \n^ 



Xfi \tt'Q ttt'Q I Hid 



T*Q i T*Q = T*Q 4 T*Q 

if LP 

which summarizes the mapping properties with reference to particle phase space 
T*Q of elements of T^G, T*G, g and g*; namely, X^, 11^,^/1 and 11^^, respec- 
tively. This may serve as the main diagram to relate the constructions of present 
work for Eulerian variables to the Lagrangian variables. We shall establish the 
precise relation between the particle motion, its symmetries and the Poisson- 
Vlasov equations. We shall obtain Poisson equation as a consequence of gauge 
symmetries of Hamiltonian description of motions of plasma particles. 



In the next section, we shall first decompose the algebra of vector fields 
on T* Q into a semi-direct product algebra of Hamiltonian vector fields and 
its complement in 3i{T*Q). The latter, as a vector space, is isomorphic to 
dual space of the Lie algebra. Further properties of this decomposition will be 
studied. In particular, we shall identify homotheties as non-dynamical part of 
the dual of Lie algebra. We shall then present, according to the diagram. 



rri^rri^ /-\ 



a 



T*Q 



TT*Q 



aQ 



T*TQ 



ttt'Q W -dh 



T*Q 



' TT-Q Tttq\ dl /"y/ tttq 

TQ 



two special symplcctic structures on TT* Q with the underlying symplectic man- 
ifold being endowed with the Tulczyjew two-form. Considering a description of 
configuration space as the space of sections of a trivial bundle, we shall show that 
the algebra of Hamiltonian vector fields is isomorphic to the space of Lagrangian 
submanifolds of Tulczyjew symplectic manifold. 

In section three, starting with the Hamiltonian vector field generating the 
particle motion, we shall obtain the momentum- Vlasov equations as the vertical 
equivalence of its complete cotangent lift. This will be shown to be the same 
as the vertical lift of coadjoint action on momentum variables. As a result, we 
shall realize the commutative diagram 



canonical Hamiltonian 

motion of particles 

onr*Q 



complete 
cotangent lift 



Hamiltonian 
motion on T*T*Q 



vertical lift of 
coadjoint action 



vertical (jet) 
equivalence 



momentum- 

Vlasov equations 

on VT*T*Q 



(11) 
connecting motion of individual plasma particles to Eulerian dynamics in mo- 
mentum variables. Complete cotangent lifts are Hamiltonian vector fields with 
a degenerate Hamiltonian function for the canonical symplectic structure. We 
shall point out a Lagrangian formulation for them with a Morse family on certain 
Whitney product. We shall give a geometric description of vertical represen- 
tative of cotangent lift in terms of holonomic lift operator from this Whitney 
product into the Tulczyjew symplectic space yy*y*Q 

In section four, we will define a Lie algebra homomorphism from the alge- 
bra of symmetric contravariant tensor fields with Schouten concomitant to the 
algebra Xham {T*Q) = g of Hamiltonian vector fields. This will generalize the 
complete cotangent lift of vector fields to symmetric contravariant tensors. We 
will then obtain the moments of momentum- Vlasov dynamical variables. For 
particular subalgebras of symmetric contravariant tensors these moments will 
give plasma-to- fluid map in momentum variables of g* . 



In section five, we establish a correspondence between the Lie algebra of 
Hamiltonian vector fields on T*Q and the Lie algebra of infinitesimal strict 
contact transformations, also called quantomorphisms, of quantization bundle 
of T*Q. Relying on our recent work |13j . we first present kinetic equations, 
both in momentum and density variables, of particles moving according to con- 
tact transformations of standard three-dimensional contact manifold. We then 
restrict the group of contactomorphisms to strict contact transformations and 
obtain a system of kinetic equations equivalent to the momentum -Vlasov equa- 
tions in one dimension. This section will be concluded with a diagram summa- 
rizing the relations between various kinetic and fluid theories. 

In section six, we expand on our earlier result in |24j where we described 
the Poisson equation as a kinematical constraint on the dynamics of Eulerian 
variables. More precisely, we shall show that the Poisson equation character- 
izes the set of zero values of the momentum map associated with the action of 
additive group of functions J^{Q) on the position space Q of particles. This is 
the gauge group of particle motion on the canonical phase space T*Q. Momen- 
tum map realization of the Poisson equation implies that the true configuration 
space for the Poisson- Vlasov dynamics must be the semi-direct product space 
J^{Q)®Dif fcan{T* Q) with the action of T{Q) given by fiber translation on 
T*Q and, by composition on right with the canonical transformations. 

Section seven will be devoted to a summary and discussion of the results as 
well as some future work to be addressed elsewhere. See also the introductions 
of each section where we summarize contents in more technical terms. 

1.3 Notations 

General definitions will be given with reference to an arbitrary smooth manifold 
A4. 9m, ^m will be used for canonical one- form and symplectic two- form 
defined on A4 . This convention of showing the space of definition as a subscript 
will be extended to other objects when necessary. r{pr) will usually denote the 
space of sections of a bundle pr : E — > B. For spaces of sections of tangent and 
cotangent bundles of a manifold M. we will use X{M) and A^(A^), respectively. 
The bracket <, >m will be used for natural pairing between differential forms 
and vector fields over M.. J-{M) and Den{A4) will denote spaces of functions 
(zero- forms) and volume forms on A^. ix and Cx will be used for the interior 
product (contraction) and the Lie derivative with respect to the vector field X. 
Throughout the work G, g and g* will be used frequently for Dif fcan{T*Q), its 
Lie algebra Xham{T* Q) and the dual of the latter, respectively. If q G Q then, 
we will use 

(q,q) e T,Q, z = (q,p)GT;Q, 

(z,7r) e T;r;Q, (q,q,A„A4) eT;r,Q, (12) 

(z,z) e t,t;q, (z,x,o eT,r;Q. 

The canonical one- form on T*Q will be 9t'q{z) = p • rfq and the symplectic 
two- form is flT'Qiz) = d9T'Q{z) = dpAdq. 
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2 Lie Algebra of Hamiltonian Vector Fields 

We shall show that the algebra of all vector fields on particle phase space can be 
decomposed into a semi-direct product of Hamiltonian vector fields and space of 
symplectic duals of all non-closed one-forms on particle phase space. Among the 
latter, those vector fields with constant divergence are related to homotheties 
on particle phase space and they correspond to constant plasma densities. We 
then introduce special symplectic structures and present the Tulczyjew sym- 
plectic structure on TT*Q relevant to a description of particle dynamics as 
Lagrangian submanifolds. Finally, we shall expand on the remark in |24j that 
the configuration space G of plasma dynamics can be represented as space of 
Lagrangian submanifolds in the space of sections of a trivial bundle, and show 
that the Lie algebra of Hamiltonian vector fields can be obtained, as tangent 
space over the identity, to be spaces of all Lagrangian submanifolds of Tulczyjew 
symplectic space for particle dynamics. 

2.1 Algebra of vector fields in TT*Q 

Let X{T* Q) and A^ (T* Q) denote the spaces of smooth sections of TT* Q-^T*Q 
and T*T*Q — >■ T*Q, respectively. The nondegeneracy of canonical symplec- 
tic form flT'Q on T*Q leads to the musical isomorphism fi^.g : X{T*Q) — >■ 
A^{T*Q) defined, for arbitrary vector fields X,Y e X{T*Q), by rj^.g (A) (Y) = 
flT*QiX,Y) or, alternatively, by 57^, g (A) — ix^T'Q- The isomorphism 
fi^.g : A^{T*Q) -^ X{T*Q) is obtained by fiberwise inversion of fi^.g. In 
the local coordinates introduced above we have 

^T*Q(q>p;q>p) = (q,p;p, -q), 

r2^.g(q,p;7r,,7rj,) = (q, p; -TTp, tt^). (13) 

If the image of a vector field A by the mapping J7^. g is closed then A is a 
locally Hamiltonian vector field, and hence, the space Xham{T* Q) of Hamilto- 
nian vector fields on T* Q is isomorphic to the space herd of all closed one- forms 
on T*Q. If fi^.g (X) is exact, we write 51^. g (Xh) = —dh and A/j is said to be 
globally Hamiltonian |T],[37]- 

Proposition 3 Let g^ == il^.g (g) and (g*) C X{T*Q) denote the vector space 
of closed one-forms on T*Q and the image of g* under the mapping ilrp,Q, 
respectively. With the isomorphism 

n^T'Q-9^ Xharn {T* Q) o g^ = kcrd H A\T* Q) (14) 

we have the decompositions 

A\T*Q) = kerd(Bg* ^g^(Bg* (15) 

X{T*Q) = 0©(0*)" (16) 



of the spaces of one-forms and vector fields onT*Q. Moreover, g and (g*) are 
Lie suhalgehras, and (fl*) is an ideal of X{T* Q) 



[fl,0]c0, (0*)«,(0*y c(0*)«, 0,(0 



C(0* 



Proof. Eq. il5\} follows from the definitions above. Since the dual q* of the Lie 
algebra q of Hamiltonian vector fields is defined to be non-closed one-form den- 
sities on T*Q, the remaining elements of A^{T*Q), namely, closed one-forms 
constitute the underlying vector space of g . For decomposition in Ea. il 6]} we 
have that Hamiltonian vector fields are divergence-free with respect to the sym- 
plectic or Liouville volume dpi — ^j:,q. Let (0*) denote the image of dual g* of 
Lie algebra g of Hamiltonian vector fields under the isomorphism nip,Q. For a 
non- degenerate L^— pairing of g and g* , {g*) contains vector fields with nonva- 
nishing divergences. In other words, a" = flrp,Q{a) G (0*) is not Hamiltonian 
in any sense. [g,g\ C follows from definition of (locally) Hamiltonian vector 
fields. For vector fields with non-constant divergences second property in the last 
conclusion can be obtained by direct computation. For the last property, if X is 
locally Hamiltonian, then for the non- Hamiltonian vector field a* we compute 

i[X.a«]^T'Q = Cxia»^T'Q = d^T'Q {a^ , X) -\- ixdiat^T* Q (17) 

which need not be closed for arbitrary choices of X and a' and hence, not 
Hamiltonian. Last conclusion implies that the algebraic structure on sections of 
TT*Q is a semi-direct product algebra 

x(r*Q) = 0(s)(0*)» 

of vector fields with the Hamiltonian vector fields in g acting on the second factor 
(fl*) ^y ^*6 derivative. This, of course, is a consequence of the coadjoint action 
of g on its dual g* which, in turn, produces Lie-Poisson dynamics. ■ 

2.2 Homotheties 

Defining the divergence of an element of (0*) to be a density, we obtain the 
identification of (0*) with the space Den{T*Q) of densities on T*Q. In particu- 
lar, vector fields n| with constant divergences (with respect to Liouville volume 
and for n— dimensional plasma) 

£njf^" = {divnUl)n'' = cfl'', c = constant (18) 

correspond to constant plasma densities. In this case, we have either Lagrangian 
description of kinematics or, no dynamics in an Eulerian description. Since J7 
is nondegenerate, Ea.([T8| implies 

c 
>C]-,tifi — —fl, c = constant. 
n 



That means, vector fields with constant divergences are infinitesimal homoth- 
eties of the symplectic form $7 [76| . Although, n| is not even locally Hamilto- 
nian, it follows from the identity 



^[X,Y] — ^xCy — CyC 



Yl-X 



(19) 



that the Lie bracket of two vectors with constant divergence is locally Hamilto- 
nian. If we denote the set in (g*) of vector fields with constant divergences by 
(g*) then, straightforward computations prove 



Proposition 4 g, (g 



eg, 



m\{Qiy c(g*)«, (g:)»,(g:) 



c 



Proof. For the first assertion we have 

= ixndiu_tp. + dixj^t^ = ix^-^ + dfl (n|,X/,) 

= d(~-h + n{ulXhf 



*[Xh,n«l^ 



where we used the identity 



HX,Y] — ^XlY — lY^ 



X- 



(20) 



// we replace Xh with a locally Hamiltonian vector field then a similar compu- 
tation implies that the bracket is again locally Hamiltonian. For the second, we 
compute, from the definition of locally Hamiltonian vector fields 



di\n»M]^ 



1 f, 

Cjjit dijjtfl ~ dijjt —divnlr-^Q 



divnlllj^Q - d i -divnllld j A i^t^fl (divnUlA di^jt^l 



—d I —divnil, 
n 



'n^'^id j ^ «n« 



n. 



This can be zero only if II*. is globally Hamiltonian with divergence of the arbi- 
trary element II'^ of (g*) , which is not possible. ■ 

The action of homotheties on plasma density function may be computed 
using the identity in Eq. (fT9| 



= cfdfi — df A ijjs {dfi) — cfd^ 

= -dfA^^>^id^,)^-^^>Jdf)d^l^-UUf)d^l (21) 
and thus, is described by 



Il-jd -^ fdfi, 






n«(/)d/i- 



(22) 



This can be neglected by a redefinition of density. We thus restrict the definition 
of g* to one-forms Hid for which div^Ill^i = f ^^constant. 
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Remark 5 Propositionl^opens up the possibility to apply the following Lebedev- 
Manin construction fSSj to plasma dynamics. Assume that we have a — q® (fl*) 
as a vector space with g, (g*) and (g*) satisfying 

[0,0] eg, [(0*/,(0*)«] c(g*)«, [g,(g*)«] c(g*)«. 

Let (, ) be an invariant non- degenerate scalar product on a with 

(0,0)-((0*)»,(0*)») = O. 



ForF: (g*)" 



define 5F{J\\^)/5n\^ e Q by 




= ^^(n- 



ell% 



vnL,n«e(g*)« 



Let F be an invariant function on a, that is, [X, SF{X)/SX] = for all X Cz a. 
For n« e {g*J, set F^>^{ul) = F(n«, + n«) for all n«, e (g*)«. Then, for two 
invariant functions F,G we have {-FVrtt , Gj-jtt }lp = on (g*) (with Lie-Poisson 
bracket adapted from q* ). The Lie-Poisson equations 



n 



id 



^iMnii^DlSI^l 



can be written in equivalent Lax form 



dt 



(n 



id 



n 



n 



id 



n» 



SF^ii^l) 



6n 



id 



Remark 6 It has been argued that the physical initial conditions must satisfy 
/(z,0) > 14 G^. The restrictions on the definition of momentum variables may 
further be expanded to the physical requirement that the density function be pos- 
itive. We remark that this condition is intimately related to the non-degeneracy 
of symplectic structure on coadjoint orbit of canonical diffeomorphisms . The 
condition f{z, 0) > requires the description of density by elements Hid G 0* 
with dwn^.gll'^ > 0. Equivalently, in the language of differential forms, we 
have dijiid A ri^.g) > 0. Consider a six dimensional domain D in T*Q with 
boundary dD. Then, the positive divergence implies 



JdD 



(23) 



so that we have a volume element or, an orientation, for the five dimensional 
boundary of the region D . This can now be related to the nondegeneracy of the 
coadjoint orbit symplectic structure on g*. An element of the tangent space to 
the coadjoint orbit through Hid will be of the form CxkO^id)- By definition, the 
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orbit symplectic structure is 

fin,. {CxA^^d),CxA^^<i)) - / n,,(z) • [Xfe(z),Xg(z)] fi3,.g(z) 

Jd 

= / {,g(z),fc(z)}n,<i(z)A r!|.g(z) 

which, by Eg. Ii23\) does not vanish for arbitrary functions g and k. 

2.3 Lie algebra of one-forms over T*Q 

To study the algebraic structure on A^{T*Q) ~ Q^ (Bq* we define the bracket of 
one-forms 

{a,(3}^-i = £Qtt/3 - £^tta - dfij^.^g (a,/3) 

where fi^.g denotes the Poisson bi- vector obtained by inverting the matrix 

of symplectic two- form 51t*q and a^ = flrptn^a) is a vector field on T*Q 
corresponding to the one- form a in A^ (T*Q). If a and f3 are closed forms 
in Q corresponding to Hamiltonian vector fields then we have 

{a, (3}q-i = d {ia>t/3 - ipta - fi^.^g {a, /3)) 

which is exact and hence in g^ If a is closed and dUid ^ 0, then 

{a, IlidlQ-i = iaidUid + d Uat^id - «n«^Q! - U^pIq {a, Hid)] 

where the condition that the first term be closed requires the invariance relations 
diandHid = HaidHid = d£,atHid = for arbitrary a e g,^ and Hid G 0*- The same 
argument applies for two arbitrary elements of g*. Thus we have the following 
proposition, which summurizes the calculations above. 

Proposition 7 {g^0^} 1 C q\ {q*,q*}^-i C q*, {q\q*}^-i Cg*. 

According to this result, it is obvious that g,^ is a subalgebra of A^(r*Q) with 
respect to the bracket { , }q-i • In particular, for locally Hamiltonian vector 

fields in gih, 0;^ consists of closed but non-exact one froms which are elements 
of the first de Rham cohomology space of the particle phase space T*Q. These 
cohomological one-forms satisfy 

is^h^ 9^}n^^ C 0^ {0(/,.,0*}ogi C 0*. 

Remark 8 The equation div II'^ = / offers an alternative notation for the 
elements Hf, Hg in g* satisfying divllj^ = / and div 11^ = g, respectively. 
We can pull-back the canonical Poisson structure on T*Q by the map g* — >■ 
F(T*Q) : Hf — )■ / hence define a Lie algebra structure 

[n/,n,] = n{^.,j (24) 

on g* . This is the reduced Poisson structure on g* given in proposition 7. 
Eq. ^24\l gives also that the map Hf -^ f is a Poisson map. 
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2.4 Tulczyjew symplectic structure on TT*Q 

The space TT*Q admits a symplectic structure first described by Tulczyjew 
[5i] . [55] . [55] . [57] J CD]- A special symplectic structure is a quintuple 

where tt^ : P -> A^ is a fibre bundle, d-p is a one-form on V, and x ■ 'P ^ T*M. 
is a fiber preserving diffeomorphism such that x*(^t*m — "^v for Ot*m being the 
canonical one- form on T* AA. x can be characterized uniquely by the condition 
{xijp) , X m{x)) = {■d-p{p),Xp{p)) for each p e P, 7r^(p) = x and for vector 
fields Xm- M ^ TM, X-p : V ^ TV satisfying (tt^i), Xp = Xm- {V, Mp) 
is the underlying symplectic manifold of the special symplectic structure. 

Proposition 9 The space TT*Q is the underlying symplectic manifold for two 
different special symplectic structures 

(TT*Q,TT'Q,T*Q,'d^,Vt^,Q), {TT*Q,T^Q,TQ,'d2,aQ) (25) 

where the one-forms di and '!?2 are, in the adapted coordinates, 

^i(z,z) = ((r!^.g)*0T.T*Q)(z,z) = p.dq-q-dp (26) 

^2(z,z) ^ a^(6'T-TQ)(z,z)=p-dq + p-dq (27) 

and the Tulczyjew two-form of the underlying symplectic manifold is 

f^TT*Q(z,z) = d?9i(z, z) = d^2(z, z) =: dpAdq + dpAdq. (28) 

These are constructed by means of two different fibrations of TT*Q over 
T*Q and TQ which can be represented by the diagram 

ttt*q W —dh y/ tt'Q Tttq \ dl /-^ tttq 

T*Q TQ (29) 

Q 

known as the Tulczyjew triple. Here, tq, ttq, tt*q and ttt'q are natural 
projections, ilrptQ is the induced map from the symplectic two-form Ht'q on 
T*Q, UQ is a diffeomorphism constructed as a dual of canonical involution kq of 
TTQ. ttQ is a canonical description of the equivalence of functors TT* and T*T 
while KQ describes the canonical flip of the first derivatives with respect to two 
different parametrizations for second order tangent bundle. In coordinates, we 
have ag (q, p; q, p) = (q, q; p, p). The triangular diagrams on left and right de- 
fine special symplectic structures on TT* Q by pull-back of canonical one- forms 
Ot'T-'Q and Ot*tq on the cotangent bundles T*T*Q and T*TQ, respectively. 
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H^.Q and aQ are symplectomorphisms from TT*Q to the canonical symplectic 
manifolds T*TQ and T*T*Q. 

Hamiltonian and Lagrangian formulations can then be realized as Lagrangian 
submanifolds of TT*Q. A submanifold 5 of a symplectic manifold (A^, fl) is a 
Lagrangian submanifold, if its dimension is half the dimension of A4 and the 
restriction of $7 on 5 vanishes, that is fijg = |HI], [5^ - 

Consider a special symplectic structure {V, tt^, 7W, iJp, x) and let g : A^ — > M 
be a real valued function. Then, the set 

Sv = {peP: {dg{x),Tn'%oXv{p)) = (^p(p),Xp(p)) ,VXp e X(7')} 

is a Lagrangian submanifold of the underlying symplectic manifold (7^, d'd-p) and 
the function g is called the generating function [SS] . It follows from the definition 
of S-p that, the one- form -d-p is characterized by the relation {li^ydg — -d-p. 
Since x is a symplectic diffeomorphism, it maps Sp to the space Im (dg) which 
is a Lagrangian submanifold of T*M. In general, the image of a closed one-form 
on A^ is a Lagrangian submanifold of T*Ai and its pull-back to P by x is a 
Lagrangian submanifold of V. 

Let l:TQ-^R. The image of mapping dl:TQ^ T*TQ is described by the 
equations A, = Vg^q, q) and \q — VgZ(q, q). Pull back of this to TT*Q gives 
the dynamical equations {TiTQ)*dl = ^2 which, in coordinates, read V^/(q, q) = 
p, V<j/(q, q) = p . For a Hamiltonian function h : T*Q —^ M., the image 
Iin{—dh) is a Lagrangian submanifold of T*T*Q. The Hamilton's equations on 
TT*Q are obtained from the relation i?i = T^tQ{—dh) = —d{h o tt-'q), which, 
in coordinates, are expressed as 

— dh{z) — p ■ dq — q- dp, q = Vp/i(z), p = — Vg/i(z). (30) 

Since the derivative of i9i — T'^,Q{—dh) vanishes, the Hamiltonian dynamics 
becomes a Lagrangian submanifold of {TT*Q,ddi) generated by the function 
—h. If X is locally Hamiltonian then the one form ix^T'Q is still closed by 
definition and Im {X) defines a Lagrangian submanifold of TT*Q, as well. Thus, 
we have the identification of the vector space Xham {T* Q) with the space of all 
Lagrangian submanifolds of the Tulczyjew symplectic space {TT*Q, Qtt-q)- In 
the next subsection, we shall obtain this space as tangent space over identity of 
configuration space of plasma. 

2.5 Spaces of Lagrangian submanifolds 

As the Hamiltonian dynamics of a single particle described by a diffeomorphism 
(/3 S Dif fcan{T* Q) corresponds to a Lagrangian submanifold of the Tulczyjew 
symplectic manifold TT*Q, it is possible to describe all such motions, that is, 
each configuration of plasma by a Lagrangian submanifold in TT*Q [21]. We 
shall show that the space LagiTT* Q^^tt' q) of all Lagrangian submanifolds 
can be obtained as the tangent space over identity of a suitable representation 
of the group Diffcan{T*Q) of all canonical transformations. We rely on the 
fact that the configuration space Diffcan{T*Q), as a manifold of maps jl5] . 
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[55] . can also be given a description in terms of sections r(pro) of the trivial 
bundle pro ■.T*QoxT*Q -^T* Qq where T* Qq is the particle phase space with 
Lagrangian coordinates Z and T*Q carries Eulerian coordinates z. The total 
space T*QqxT*Q is then symplectic with the two- form [SS], [53], [ED], [Z] 

f7_(Z,z) = r2T*Qa(Z) -r2T*Q(z) = dP A dQ - dp A dq. 

Proposition 10 Diffcan{T*Q) can be identified with the space LagT(prQ,D,^) 

of all Lagrangian sections of the trivial bundle (pro,r2_). In this case, the 

Lie algebra Xham(T*Q) of Hamiltonian vector fields corresponds to the space 

Lag{TT*Q,^TT-'Q) of all Lagrangian submanifolds of the Tulczyjew symplectic 

space. 

Proof. A diffeomorphism ip : T* Qq^T* Q is canonical if^T'Qo —f*^T*Q = 0. 

It follows that f2_ vanishes when restricted to the graphs 

Gr^ = {(Z, ^(Z)) : Z e r*Qo} C r(pro) 

of canonical diffeomorphisms J8Ui/ . Hjl. For a base point Z £ T*Qq, the total 
space is twelve dimensional and Gnp is a six dimensional subspace. When ip 
is canonical, 17 _ vanishes on Gnp and this is a Lagrangian submanifold in 
{T*QQxT*Q,fl-). If we denote the space of all sections of the trivial bundle 
on which the restriction of O- vanishes, namely, the space of all Lagrangian 
sections by LagT{pro,i^-), then we have the bijective correspondence 

Diffcan[T*Q,) < — > LagT{prQ, $!_) : ip i — > Grip. 

To find the tangent space over the identity mapping, we proceed as follows. 
Corresponding to a curve ip^ G Diffcan{T*Q) with iPqCZ) = z, we have the 
curve t I— > GrLp^ in LagT{prQ,fl^) with GnpQ = {(Z,z) : Z G T*Qo}. The 
tangent space Torip LagT{prQ,D,^) consists of vectors 

XGr^A^) = jGr^ti^) = (Z,(^,(Z);0,^^^) = (Z, ^,(Z);0, X^^(Z)) (31) 

tangent to Gnp^. For each Z (zT*Qo, this is a vector tangent to the fiber T*Q 
over Z. That means, Xcnp (Z) is in the vertical tangent space 

VGr^,(z)iT*QoxT*Q). (32) 

Over the identity, t — 0, we have 

XGr^„{Z) = |Gr^,(Z)|t=o = (Z,z;0,^^|t.o) = (Z,z; 0,X„(z)) 

where Xfi(z) = X;i(z) • Vz is the Hamiltonian vector field generating ip^ £ 
Dif fcan{T* Q). Thus, over the identity mapping we have 

V^z,.)iT*QoxT*Q) ^^ T^T*Q : Xg,^^(Z) ^-^ X,,(z). 
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In fact, for each (p the vertical tangent space in i3S\) is isomorphic to a copy of 
TT*Q. To this end, we recall the definition of pull-back bundle. Given E — > N 
and a continuous map <i> : M — > N , the pull-back of E by ^ is the bundle 
$*_E — y M whose fiber {^*E)x over x € M is the fiber i?$(a;) of E — > N over 
$(a;). In our case, -B$(a;) = VQrip^{z)iT* QoxT* Q) and hence 

^Gr^,(Z)(r*QoxT*Q)-Gr^,*(F(z,z)(r*QoxT*Q)). 

Since we are dealing with a trivial bundle, the vertical space is just the tangent 
space to the second factor, so we have 

VGrMz){T*QoxT*Q) = Gr^t*{TT*Q)^{id,^tnTT*Q) 

as the tangent space over ip £ Dif fcan{T*Q)- Thus, the tangent space at Gnp^ 
to the space of Lagrangian sections LagT(j)ro,Q-) is the space of sections con- 
sisting of pull-back by Lp of (Hamiltonian) vector fields on T*Q. As cp is canon- 
ical, these sections are images of Hamiltonian vector fields on T*Q and hence 
are Lagrangian submanifolds in (p*(TT*Q). For p being the identity element 
of G, we obtain the space of Lagrangian submanifolds Lag{TT*Q) as the Lie 
algebra of the group Dif fcan{T*Q). 

Remark 11 Having the correspondence Dif fcan{T* Q) < — > LagT(jjrQ,Cl^) for 
configuration space of plasma dynamics, one needs operations between Lagrangian 
submanifolds of LagT{prQ,Q_) similar to right and left multiplications of the 
group Dif fcan{T* Q) producing particle relabelling symmetry and kinematical 
motion, respectively. This can be achieved in the framework of symplectic re- 
lations. The Lagrangian submanifolds of symplectic spaces of the form {M2 x 
A^i, rj- = ri2 — f^i) were defined as symplectic relations and their composition 
rules were proved in i58\/ . 
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3 From Particle Dynamics to Vlasov Equation 

We shall describe a purely geometric framework in which one can find a precise 
relation between the individual particle motion and the Vlasov equation. In 
this framework, the one- form i?2(z,z) of the special symplectic structure in 
Eq. ipT]) and the Tulczyjew symplectic two- form can be obtained as complete 
tangent lifts of canonical forms on particle phase space. Given the infinitesimal 
generator of particle motion, its complete cotangent lift describes a Lagrangian 
submanifold of certain special symplectic structure. We shall present a Morse 
family generating Legendre transformation, in the sense of Tulczyjew, for the 
lifted motion. Using a holonomic lift operator, we shall carry the lifted motion 
to vertical subspace of a Tulczyjew symplectic space. This subspace is integrable 
when restricted to generators lifted from the Lie algebra of Hamiltonian vector 
fields. Finally, introducing the vertical lifts of one-forms we shall obtain the 
relation between the Hamiltonian vector fields generating the particle motion 
and the momentum- Vlasov equations. We refer to [54], [11], [62], [29], [34], [71], 
[73], [60], [61], [72], [74], [36], [H], [9], [51], [28], [30], [37], [10] for definitions 
and various aspects of lifts of geometric objects some of which we summarize in 
the following subsection. 

3.1 Complete lifts 

Let X be a vector field on M, (ft : M -^ M he its flow and tm : TM -^ M 
be the tangent bundle. The tangent lift (p'j: : TM. — J> TM. of ^p^ is defined 
as to satisfy tj^/[ oip^ — (p^ o tm and constitutes a one-parameter group of 
diffcomorphisms on TM. Differentiating the defining relation we obtain Ttm ° 
X'^ = X o Tm where Ttm is the tangent mapping of tm- This means that X 
and X'^ are tm related. X'^ is called the complete tangent lift of the vector field 
X. In local coordinates {x°',v°-) of TM, the complete tangent lift of X{x) = 
X'^{x)d/dx°' is given by 

X^x,v)=X^x)^+v'>^^^. (33) 

Similarly, the cotangent lift of the flow ipf is a one-parameter group of dif- 
fcomorphisms (fil* on T*M satisfying ttm ° Vt* = Vt ° ''^M, where ttm is the 
natural projection of T*M to M. The generator X" of ip'j:* is the complete 
cotangent lift of X and is obtained from the inflnitesimal version of the deflning 
relation as 

TttmoX" ^XoTTM, (34) 

which means that, X and X'^* are tt^ related. Since Ea. ([M)) is equivalent to 
'!r*j^X = X"^*, we have 

Proposition 12 The cotangent lift " : X (M) — > X{T*M) is a Lie algebra 
isomorphism into [X,Yf* = [X"* ,¥"*] , for all X, F e X{M). 
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In fact, this is the honiomorphism that leads to the so called plasma-to-fluid 
map (c.f section 4.4). 

The complete cotangent lift X"^* of a vector field X on A^ is a Hamilto- 
nian vector field on the canonically symplectic manifold T*A4. Indeed, the 
lifted flow ipf* preserves the canonical one-form 9t*m on the cotangent bundle 
{ipfT ^T'M = Ot'M [3I],|5n],[Tn]. Differentiating at t = gives Cx-St-m = 
0. Using the identity Cx — dix + ixd we obtain the Hamilton's equations 

ix" [^T'm) = -d{ix<"OT'M) (35) 

for X'^* with the Hamiltonian function ix"()T*M- Taking Ot'M (PtV) — tjadx"' 
and X = X"^ {x)d / dx'^ we obtain 

and the Hamiltonian function yaX°-{x) is degenerate in the fiber variables j/a- 
We observe that complete cotangent lifts can be given a variational formulation 
as well. Define the Whitney product 

T*M xm TM = {{a, X) e T*M x TM : ttm {a) = tm {X)} 

which may be viewed as a submanifold of TT*A4 given by y = 0. Then, the 
following result is straightforward. 



Proposition 13 Associated to the cotangent lift in Ea. i36\) . the first order dif- 
ferential equations 

■a ^a, , ■ dX\x) 

X^=X^{X), y^ = -y,—A^ 

are the Euler-Lagrange equations for the (degenerate) Lagrangian density 

L{x, X, y) = yaix'^ ~ X''{x)) = y^x'^ - H{x, y) 

defined on the Whitney product T* MxmTM- 

Remark 14 In JJ^I, the Whitney product was shown to be isomorphic to the 
restriction ofTT*M to zero section ofT*Ai. Then, a generalized tangent bun- 
dle and a generalized complex structure on A4 were introduced as the Whitney 
product being a bundle over A4 and, as a comlex structure on Whitney product. 

Complete tangent lift f^ e T{TA4) of a function / G J-' (M) is simply 
the directional derivative f {x, v) = df (x) ■ v and is given in coordinates as 
jc _ v°'df/dx°'. Let com G A*^ (M) be a differential k-form on Ai. Its complete 
tangent lift w^ S A*^ {TAi) is a differential k-form on TM and is defined by 
means of the lifts of vector fields and functions, namely, 

uj%iXf,...,X',) = iujM{Xi,...,Xk)r. (37) 
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For a one- form 6m = Oadx'^ ^ A^ (•^)i ^^ compute 

and for a two-form J^tk = (l/2)f2abdx'^ A dx^ e A^ (-^)i we find 

f];^(x, w) = hv'^^^dx'^ A dx^ + f^abdw'' A dx^ + f^a^dx'^ A dw^). (39) 

2 OT" 

For a constant matrix ilaf,, this reduces to 

n'Mix, v) = VLabdx"- A dv'' = dx" A diVtabV^). (40) 

If r2_A/) defines a constant symplectic structure on Ai , Hamiltonian vector fields 
are of the form ilabv^ = dk{x)/dx°- for functions k{x) on 7W. Restricting the 
Hfted two-form to Hamiltonian vector fields we find 

r!^ (x, v) = dx'' A d^^ = dx" A ^^^ = d2^(x) = (41) 

ax° ox'^ 

which means that, with respect to the lift il^ of (constant) symplectic structure 
flMy Hamiltonian vector fields of Hm define Lagrangian submanifolds of {TA4, 
ri^). In fact, the Tulczyjew symplectic two-form is of this sort. 

3.2 Lift of particle dynamics 

We consider the particle dynamics on A4 = T* Q described as the fiow of Hamil- 
tonian vector field 

Xh{z) ^ Ip . V, - eVq(f>. (q) • Vp (42) 

with respect to the symplectic two-form $7^. g(z) = dp A dq which is exact 
^T*c = dOx'Q with 9t'q{'Z') = p • dq and, for the Hamiltonian function h{z) = 
p^ /2m + ecf) Jq) which is the energy of a charged particle. First, we note 

Proposition 15 Complete tangent lifts of 9t*q and flx-'Q are 

6'^.g(z,z) = i?2(z,z) = a*g(6'T*TQ)(z,z) 
r!^.g(z,z) = nTT^Q{z,z) (43) 

which are the one- form for the fihration over TQ and the Tulczyjew two- form 
on TT*Q, given in Eqs. ^27\l and I128\) . respectively. 



The complete cotangent lift of Xh{z) is the vector 

Xr (z, n,d) = Xu (z) + eilV^ ■ V,)V,0^. (q) ■ Vn, - ^H, • Vn, (44) 

on T*T*Q which is canonically Hamiltonian 

ix"^T*T*Q — —dHx^T'Q (45) 
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with the canonical two-form 

f]T-T-s(z, n,d) = d{Ug -dq + Up- dp) = dOT'T'Qi-^^ n,d) (46) 

and for the Hamihonian function 

Ht*T'q{z. n,d) = -p • n, - eV,0(q) ■ Up ^ {Xh (z) , n,d (z))^.Q . (47) 

Hence, the constructions for Xh{z) can be carried over the cotangent hft Xjl* (z, Hid) 
by replacing Q with T*Q but with a degenerate Hamiltonian function. An in- 
variant way of writing this Hamiltonian is 

Ht'T'Q = ix^'dT'T'Q = iXh^T'T'Q (48) 

where we used the fact that Ot-T'Q has no components along vertical directions. 
It follows that the canonical one- form Ot-t-'Q is an absolute invariant of the 
cotangent lift 

CxfdT'T'Q = dHT*T*Q + ixf^T'T*Q = (49) 

which can be regarded to be equivalent to the Hamilton's equations p5|) . 

The image of the section dHx-T'Q : T*T*Q -^ t*T*T*Q is a Lagrangian 
submanifold of (T*T*T*Q,fiT*T-T-Q) and the image of fi^.j,.g {-dHT-T'o) = 
X" is a Lagrangian submanifold of TT*T*Q with the Tulczyjew's two-form 
ilrprptrp'Q- Hcncc, wc havc 

Proposition 16 The image of complete cotangent lift X^* of Hamiltonian vec- 
tor field Xh is a Lagrangian submanifold of the special symplectic structure 



{TT*T*Q,TT'T'Q,T*T*Q,ei^[n"j,.T,QJ eT'T^T-Q.^T'T'o) (50) 

generated by the Hamiltonian function —HT-T'Qi'^i'Uid)- 

Since Ht-T'Q is an invariant of the lift X^ we have ix" (Bi) = 0. It follows 
that Qi and the Tulczyjew's two-form are invariants of any cotangent lift. In 
other words, the cotangent lifts of diffeomorphisms of T*Q are symmetries of 
the special symplectic structure ([50)) . 

We shall now apply Proposition p^ to obtain a variational formulation of 
the first order equations associated to the cotangent lift in Ea.(|i^. Since the 
equations under consideration have the additional property of being Lagrangian 
submanifolds described in above Proposition, we shall, instead, follow an ap- 
proach based on this property. Tulczyjew proposed a geometric construction 
for a generalized Legendre transformation which also works for degenerate La- 
grangians fTOj. We now adapt this construction to find an inverse Legendre 
transformation for the Hamiltonian system in Eq. (j44[) for which the Hamilto- 
nian function Ht't-q is degenerate in momenta 11^^. The construction consists 
of finding an alternative representation of the Lagrangian submanifold Im {Xf*) 
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of the special symplectic structure ([50]) with respect to the special symplectic 
structure 

(TT*T*Q,TTTT^Q,TT*Q,e2 = a*j,.Q{eT^TT'Q),aT'a) (51) 

underlying the Lagrangian formulation of dynamics. Following |70) . we consider 
a fibration N -^ TT*Q and let (z", i'^jTrc) ; a,b = 1,...,6, a = l,...,m be 
adapted coordinates on TV. A function E : N —^ M. can be considered to be a 
family of functions on the base TT*Q parametrized by the fiber coordinates tTq,. 
This family is called a Morse family if the rank of the m x (to + 12)-matrix 

( d^E d^E d^E \ (c:n\ 

is maximal [Sg, [BJ, [63, [8^, [8], |6|, [35] , 

Proposition 17 The image oj complete cotangent lift Xf^ of Hamiltonian vec- 
tor field Xh is a Lagrangian suhmanifold of the special symplectic structure in 
the expression \51\) generated by the Morse family 

£;(z,n,d,z) = (z-x,,(z))-n,d (53) 

defined on the Whitney product T*T*Q Xt*q TT*Q. 

Proof. Let m = Q and choose the total space N to he the Whitney product 

T*T*Qxt*qTT*Q = {{U,d,X)£T*T*QxTT*Q (54) 

: ttt'q{II.m) =tt*q{X)} 

for which the local coordinates are (z, 11^^,2) • The Whitney product is a sub- 
manifold of TT*T*Q which can locally be described by the equations Tlid — 0. 
Consider the function E (z, 11^^, z) on XT*T*Q defined by Eq. i53\) . The matrix 
in Eg. i52\) becomes (0 —dXf^/dz^ 51). This has rank 6, and so, E is a Morse 
family. The condition 

aT*Q(^T-TT*Q)(z, nid,z,njd) = d£' (z, riirf, z) (55) 

for E to generate a Lagrangian submanifold of the special symplectic structure 
h51\) gives the components of the complete cotangent lift Xf^* . ■ 



In the next subsection, we shall carry the dynamics on Whitney product to 
the Tulczyjew symplectic space j'x*T*Q by means of holonomic lift. 

3.3 Momentum- Vlasov equations 

Define the holonomic lift operator 

r : r*r* Q X T* Q TT* Q -^ tt*t* Q (56) 
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from the Whitney product in Eg. dMl) to the Tulczyjew symplectic space by 
r{eT'Q,XT'Q) = T9t'q{Xt-q). In coordinates, if Xt.q(z) = X''{z)d/dz'' 
and 9t'Q (z) = TTa{z)dz°' then, 



^hoi i„ _N _ ^ais I d , dnb{z) d 



r0T.a(XT.Q)(z,7r)=X-'2(-,-)=^"(-)(^^ + ^^^j (57) 

which is a generahzed vector field of order one [3T] , [5S] . More generally, define 
the holonomic part HXt-t-q of a projectable vector field 

XT.T.Q(z,7r)=X«(z)^+Xfc(z,7r)^er(,,^)r;r*Q (58) 

on T*T*Q as the holonomic lift of its projection, that is, 

HXt*t*q = ^ °TiiT*Q° Xt*t*q = {{'^T'q)^Xt*t'q) ■ (59) 

The vertical representative is the complement in XT*T* Q of the holonomic part 

VXt't^q ^ Xt't.q ~ HXt't^q = (Xh{z,7r)-X''{z)^^^)^^ (60) 



and is a vertical valued generalized vector field of order one as well 



i : l^^j ; 



The (first) prolongation of a (projectable) generalized vector field of order 
one 

X^.j,.g(z,7r,7rJ = X'^(z)— +X,(z,7r,7rJ— (61) 



is defined by 



P^'^--S-^--S + *-9(a^ (62) 



where the coefficient functions are 

Here, the set (z, tt, tt^) is the induced local coordinate system for the jet bundle 
of the fibration t*T*Q -> T*Q, and d/dz'^ is the total derivative operator with 
respect to z". Lie bracket of two first order generalized vector fields X^,j„q 
and Y^trp^Q is the unique first order generalized vector field 

+ {pr'Xl.,p,Q {Y,)-pr^Y^.^,Q {X,)) —(64) 

If X^,rp, Q and Y^,rp, q are ordinary vector fields on T*T* Q, then [ , ] reduces 
to the Jacobi-Lie bracket of vector fields [SD] . 
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If Xt't* q and Yt*t* q are two projectable vector fields on T*T* Q, a straight- 
forward calculation gives 

[HXt'T' Q, HYt'T' olpro — HlXT'T'Q.yT'T'Q] (65) 

where [ , ] is the bracket in Eq. ([M|) . That means, holonomic lift defines an 
isomorphism between subspace HT*T*Q = Im (F) of the direct sum decompo- 
sition TT*T*Q = VT*T*Q®HT*T*Q and the space of projectable vector fields 
on T*T*Q [51], [28], [31]. However, for vertical representatives there appears, 
in addition, a vector valued two-form. 

Proposition 18 For vertical representatives, the bracket [ , ] gives 

\VXt*T'-Q-, ^Yr'T'olpro — ^ [^T*T'Q,YT'T*Q]pro + ^ {Xt'T* Q,Yt'T' q) , 

(66) 

where *B is a vertical-vector valued two-form 

03 (Xt-T-Qj^T'T-q) = [HYT*T'-Q,VXT*T*a]pro ^ [HXt*T* Q^VYt^T* Q]pro ■ 

(67) 

If, on the other hand, Xt*t*q and Yt^t'Q are restricted to be complete 
cotangent lifts of vector fields on T*Q, then the two- form *8 in Ea. (|57|) vanishes 
[T5] . and we obtain 

Proposition 19 Let Xt-'Q,Yt-'q G X{T*Q) and denote by X^*,Q,Y^tQ their 
complete cotangent lifts and, by VX^,Q,VY^tn the vertical representatives of 
the latter. Following Lie algebra isomorphism hold 

V[XT'-Q,YT^Qr = [VX'T*'Q,VY^*Q\pro (68) 

where the bracket [, ]„^o is defined in Eq. {64^ . 



Remark 20 Eg. h68\) extends the isomorphism between vector fields onT*Q and 
their complete cotangent lifts to an isomorphism 

X (T* Q) < — > X''* (T* Q) c X {T*T* Q) < — > VX" (T* Q) c VT*T* Q 

between complete cotangent lifts and their vertical representatives. Here, VX'^* (T*Q) 
is the space of vertical representatives of cotangent lifts and 

VT*T*Q ^ker{TTTT-Q : TT*T*Q — >TT*Q} 

is the space of all vertical vectors on 7^*y*Q. 

Following diagram summarizes the preceeding geometric constructions in 
which we are intended to obtain the momentum- Vlasov equations 
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dHx'T'-Q . 

T*7Tt*Q 

rj.rp*rp*Q ver(riirf) = TT* Q X T" Q T*T* Q 

- — ^ 

\V^I-H H / 

VT*T*Q®HT*T*Q . 

From a physical point of view, if components {Ilg{z),Ilp{z)) of 11^^ (z) are 
solutions, parametrized by Eulerian coordinates z of particle motion, of the 
canonical Hamilton's equations on T*T*Q and X^* is tangent to these curves 
on fibers, vertical vector fields satisiy the tangency condition without reference 
or restrictions to the particle motion on base manifold T*Q. The vertical rep- 
resentative of X"{z, Hid) is given by 

FX-(z, n,rf) = (e (np(z) • V,) (V,0/q)) - X,, (n,(z))) • Vn, 

-(^n,(z)+X„(np(z)))-Vn,, (69) 

where we denote the action of Xh on components of rij^ by 

Xh (np(z)) = i-(p • Vg)np(z) - e(v,0/ (q) • Vp)np(z). (70) 

The components of the vector field in Ea. (j69p are precisely the momentum- 
Vlasov equations [23] 



n, = -XhiUg) + e {Up ■ V,) (v,^ 

rip = -XhiUp) — n, 

m 



'f) 



given in Eqs.® and ([9]). Being an element of the dual of Lie algebra, 11^^ and 
its time derivative are components of one-forms in momentum- Vlasov equations 
whereas, in Eq.(j69|) they appear as components of vector fields. To make the 
connection between Eqs.(l8]), ([9|) and (|69|) precise we need the concept of vertical 
lift of one-forms. 

Consider the cotangent lift T*ttt'Q : T*T*Q -^ t*T*T*Q of the projec- 
tion ttt'Q : T*T*Q — > T*Q and recall the musical isomorphism f2^,j,,g : 
j.*j.*j.*Q _^ jny*y*g associated with the symplectic two-form nT-T'Q on the 
cotangent bundle T*T*Q. For n e T*T*Q define the Euler vector field 

Xe:T*T*Q^TT*T*Q:tt^ f^^.^. q o T*ttt' q (tt) , (71) 
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which is a vertical vector field, that is, Im{XE) C ker {Tttt'-q) ■ Define the 
vertical lift of a one- from ir on T*Q to be the vertical vector field 

ver (ir)^ Xeotto ttt* q : T*T* Q -^ TT*T* Q (72) 

on T*T*Q. In coordinates, the vertical lift of tt = tt^ (z) ■ dq + TTp (z) • dp is 
ver (tt) = iTq (z)- Vn, +T^p (z)-Vnp- Now, if we take n = Uid = tlqdq+Ilpdp 
then the exact relation between Eqs.®, (JH) and (|69p can be expressed by 

Proposition 21 Letllid = n^-dq-l-rip-dp be a one-form onT*Q representing 
time evolution of components of Hid ■ Then, the momentum- Vlasov equations 
can be written as 

ver (tl,d) = F^r (z, n,d) (73) 

where the right hand side refers to Eqs.(^ and (^. 

Thus, we show that the momentum- Vlasov equations are generated by the 
vertical representative of complete cotangent lift of particle motion on T*Q. 
The result in Proposition [TO] shows that this process of lifting particle motion 
preserves algebraic structures. 

3.4 Lie-Poisson Hamiltonian operator 

We shall relate the geometric construction of the previous subsection to Lie- 
Poisson structure. The Lie algebra g acts on g* by coadjoint action given by 
the Lie derivative adx = ^x^- The vertical lift ver{—ad\ ) of generator of 
coadjoint action is a vector field tangent to the fiber coordinates (n^jllp) 
of 0* C T*T*Q and coincides with the right hand side of Eg. ([75)1 . namely, 
ver{—ad'^ (i^id)) = V^h* i'^j^id)- This observation leads us to connect a Lie 
algebra element, that is, generator of particle motion, to corresponding genera- 
tor of coadjoint action. This connection is provided by an operator associated 
to the Lie-Poisson structure on the dual space g*. Recall that g* is a Poisson 
manifold with the Lie-Poisson bracket in Eq.([S]) which may be written as 

{K,H}^P= f ^ . J^p(U,d)^df, 

J OLhd OLhd 

for the Hamiltonian operator 



\ Opj dq^ 


■ w w ^ 

dpj 


andforgf^.n, = fi-fn,^etct24. 


As the derivativ 



d^. 



n, 



w 



(74) 



dp. 

K/5I{,d is 
algebra g, the operator JLpiJ^id) rnay be considered to be a map 

JLp(n,d) : g — > (adl : g* -^ g*) = End{Q*) 

: Xh -^JLp{Ii.rd){Xh) = ver{-ad*x^ {liu)) 
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taking a generator Xh in the Lie algebra q to the corresponding generator 
ver{—ad*x ) of coadjoint action. Note that JhpiJ^id) is a map from the tan- 
gent space TT*Q to TT*T*Q both of which are Tulczyjew. Considering the 
representation 

SjTT 

n,:d = JLp{U,d)—— (75) 

oi-hd 

of momentum- Vlasov equations on q* with SH/SIlid = Xh, we conclude that, 
the whole geometric process we described to obtain the momentum- Vlasov equa- 
tions from the generators of particle motion is encoded in JLpO^id) as 

Lie-Poisson \ / , . , \ / complete 

' ' vertical ^ ' 



Hamiltonian = • i ) ° cotangent 

operator at Xh J \ lift of ^h 

and this represents a geometric decomposition of Lie-Poisson Hamiltonian oper- 
ators. It also suggests a way to construct Lie-Poisson operator directly from an 
arbitrary Lie algebra element [13]. This is the way we shall relate the algebra 
of Hamiltonian vector fields to the algebra of strict contact vector fields in the 
next section. 

Remark 22 The Hamiltonian operator JLp{^id) on q* transforms into the 
Hamiltonian operator 

JLp{f)^Vpf-Vg-Vgf-Vp (76) 

for the Vlasov equations in density variable on the space Den{T* Q) of densities 
under the correspondence in Ea. lllO\) . 
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4 Moments of Momentum-Vlasov Dynamics 

The space %Q of all symmetric contravariant tensor fields on a manifold Q car- 
ries a Lie algebra structure called Schouten concomitant (symmetric Schouten 
braket) [IS] , [55] , [30] ■ The dual T*Q of the algebra TQ consists of the symmetric 
covariant tensor fields and carries Kuperschmidt-Manin Lie-Poisson structure, 
[20]. In [21] and [03], it was argued that, the kinetic moments of plasma density 
function / may be considered as elements of T*Q and, it is established that, 
the operation taking the plasma density / to the moments of the dynamics is a 
Poisson mapping which is the dual of a Lie algebra homomorphism from 1Q to 
F{T*Q.). 

In this section, we first review the Schouten algebra of symmetric contravari- 
ant tensors. Then, we will define a Lie algebra homomorphism from the algebra 
TQ of symmetric contravariant tensor fields to the algebra 'X,ham{T*Q) = g 
of Hamiltonian vector fields as a generalization of the complete cotangent lift 
introduced above. We will obtain the moments of momentum- Vlasov dynamics. 
Finally, we will consider some subalgebras of TQ, and derive plasma-to-fluid 
map in terms of momentum variables. 

4.1 Schouten concomitant 

The direct product 1Q — ©5^o'^"2 ^^ spaces T"Q of symmetric contravariant 
tensor fields on a manifold Q of all orders constitutes a vector space. In a local 
coordinate system (g*) , an element of TQ is in form 

oo oo 

X=0X"==0X^^^--"(q)9,n®...®V, (77) 

n=0 n=0 

where X" £ T"Q is a symmetric contravariant tensor field of order n and 
jfji«2...«„ (q) a^j.g ^}yQ yQQ^i valued coefficient functions. The dual T*Q of TQ 
is the direct sum ©^g'^nS of symmetric covariant tensor fields TnQ of all 
orders. In coordinates (g*), an element of T*Q is given by 

oo oo 

A =0 A„ == A,,,3...,„ (q) dg*i ® ... ® dq'", 

n=0 n=0 

where A„ e 'inQ is a symmetric covariant tensor field of order n. The pairing 
between T* Q and 1Q is 

(A, X) = ^ (A„, X„) ^Y. f K,^,...^^ (q) X*i*-*" (q) dq. (78) 

n=0 n=0 '' 

If X", Y™ and Z"+™^^ are contravariant tensor fields of orders n, m and 
n + m — 1, respectively, the Schouten concomitant 

oo oo oo oo 

[^^^]sc = 00 P", Y"]^^ = 00 ^"+"~' (79) 

n— r?i— n— m— 
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defines a Lie algebra structure on the space 1Q [S5], [30], [53]. The coefficient 
functions of Z^^™"^ in terms of those of X" and Y™ are 



4.2 Generalized complete cotangent lift 

Let X" be a (not necessarily symmetric) contravariant tensor field of order n. 
Due to the canonical inclusion 'I"Q ^-s> T"(r*Q), we may assume X" as a tensor 
on the cotangent bundle T*Q. We define a mapping 

T"Q^ J'(T*Q) :X"^iJx" =6'J.g(X") (80) 

from T"Q to the space F {T*Q) of smooth functions on T*Q, by contracting a 
contravariant tensor X„ e T"Q with n-th tensor power 0j.g = 9t*q,®---®0t'Q 
of the canonical one- form 9t* g ■ Then, define the generalized complete cotangent 
lift 

=* : T"Q ^ X^am (r*Q) : X" ^ (X")^* = Xff,„ (81) 

as an operation taking a contravariant tensor field X" on Q to a Hamiltonian 
vector field (X")^* corresponding to the Hamiltonian function iJx" = ix"^T"C' 
|49j . In Darboux's coordinates {q,p), the Hamiltonian function Hx^ is a poly- 
nomial in the fiber variables of T* Q 

i/x" (q,p) - p.,p.,...p,;„r^^-^" (q) (82) 

and the complete cotengent lift is 

(X")" =nK,p,,2...K„_,X*i---*"-i'a,! -p,^p,^...p,^ — dp^. 



We further enhance the operations given in Eqs. (|80|) and (|8T|) to the product 
space 1Q as follows. For X = ©X" e 1Q define the function Hx on T*Q as the 
sum 

oo 

1Q^J^{T*Q):X^Hx = J2Hx^, (83) 

n=0 

[12] . This infinite sum may be considered as the Taylor expansion of the func- 
tion Hx in terms of p— polynomials. A straight forward calculation proves the 
following proposition. 

Proposition 23 The map X — ^ Hx is a Lie algebra anti-homomorphism, that 
is 

where the bracket on the left hand side is the Schouten concomitant of covariant 
tensors and the bracket on the right hand side is the canonical Poisson bracket 
of functions on T*Q. In particular, one has 

H[X",Y'"]sc = - {-ffx" , ffy-" It* Q : 
where [X", Y™]^^^ G ^n+m~iQ_ 
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For the generalized complete cotangent lift 

^* : TQ ^ Xharn (T*Q) I X = X" ^ X" = ;^ (X")" , (84) 

ri=0 n=0 

we use the identity [Xf,Xg] = —X^p^y ^ and the above proposition to have 

which enables us to state the fohowing result. 

Proposition 24 The generalized complete cotangent lift in Eq. \84-^ is a Lie 
algebra isomorphism into X — >■ X"^* : TQ — > q 

[X,Y]^*^ = [X-,Y"]^^, (85) 

where [ , Jgp is the Schouten concomitant of tensor fields in Eq. 1 79^ and [ , ] j^ 
is the Jacobi-Lie bracket of vector fields. 

4.3 Moments of momentum variables 

The dual map $ : g* — )► T*Q of the homomorphism X ^> X'^* is a momentum 
and Poisson mapping. To compute it, take Hid = n^ • dq + lip • dp G g*, then 
the dual operation is 

oo „ 

* (n.<i) = / {Or'h ® ^) C^'P, (86) 

where 9^Zq is the {n — l)-th tensor power of the canonical one form 9t*q and 
■(? is a one-form on T*Q given explicitly by 

d{q,p)^{nU, + {VgUp)p)-dq 

The image of Hid under the dual map $ consists of moments of the momentum- 
Vlasov dynamics. Namely, the n— th moment of 11^^ is given by 



A„ = / (0J7^ ® ^) d^p. 

In particular, for one dimensional plasma, using the momentum map 

3*^T{T*Q):Il,d^fiq,p) 
in Ea. ([TU)) we have the kinetic moments 

p"f{q,p)dp 



of the Vlasov density [40] . The following proposition argues that the moments 
are Poisson maps |20) . 
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Proposition 25 The kinetic moments in Eg. h86\) is a Poisson map from, the 
Lie-Poisson bracket on q* to the Kuperschmidt-Manin bracket on 1.*Q. 

To prove this, take a linear functional g^x on T*Q of the form 

oo oo „ 

gx(A) = (A,X) = Y, (A„,X„) = Y, A,,,,...,„ (q)X''i'— '" (q)d3q. 

n=0 n=0 •' 

Its variation is S^x/6A = X. The pull-back $*5^x of 3^x to g* by the momentum 
map $ in Ea. (l55|) gives 



($*5x) (n,d) = ^yy np,,p,,...K„_, ('n,„ +K„^') X^i^--" (q)d3qd3p. 
and the variation of this with respect to its argument Hid is 



su,d V '^n, <5np 



X 



Hj: 



where Xh^ is the Hamiltonian vector field corresponding to the Hamiltonian 
function Hx in Ea. (l55|) . The Lie-Poisson bracket on g* is 

{$*yx, <^*S.},. (n..) ^ I J U.d • [^, ^l^'P^'^' (87) 

where the bracket inside the integral is minus the Jacobi-Lie bracket of vector 
fields satisfying 



^{Hx,Hy}- 



SUid 6Ilid 

On 1*Q, the Kuperscmidt-Manin bracket is given by 

{i?x,MKM = /(A,[^,^]sc)^^q (88) 

where the bracket inside the integral is the Schouten concomitant and the pairing 
inside the integral is the one in Eq. ([78l) [20 . The fact that $* is a Poisson map 

follows from direct substitutions. 

4.4 Plasma-to-fluid map in momentum variables 

The Lie algebra structure on TQ defined by the Schouten concomitant has 
only three subalgebras; the space of smooth functions T°Q = J^ (Q) , the space 
of vector fields T^Q = X(Q) and X(Q) x J'(Q). For the subalgebra J"(Q) , 
Schouten concomitant reduces to the trivial Poisson bracket of functions on Q. 
The Lie algebra homomorphism in Eq.(|85p takes the particular form (j) -^ X^, 
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where X^j, — ~'\Iq4> • Vp is the mfinitesimal generator of the action (q, p) — >■ 
(q, p — Vg(/)) of additive group of functions J"(Q) on T*Q by momentum trans- 
lations. For the subalgebra X(Q), the concomitant reduces to the Jacobi-Lie 
bracket of vector fields and the homomorphism in Eq. (j85|) reduces to the identity 
[X.Yfj^ = [X",Y"]j^,whereX" = X-Vq-V, (p ■ V,0)-Vp is the complete 
cotangent lift of the vector field X — X. ■ Vq. The lift X'^* is an infinitesimal 
generator of the right action of diffeomorphism group on T*Q. 

On the third subalgebra X (Q) x J^ (Q), the Schouten concomitant, for X = 
(X, <^) and Y = (y, C) G X (Q) xT{Q) gives 

[X,Y]sc^i[X,Y],X{C)^Ym, (89) 

which turns X (Q) x T (Q) into a semi-direct product algebra 5 — X{Q) (§)T (Q) 
with the first factor acting on the second by Lie derivative. Namely, X {() is 
the directional derivative of ( in the direction of X and [X, Y] is the Jacobi-Lie 
bracket of vector fields X and Y. This semi-direct product algebra is the Lie 
algebra of the group S — Diff (Q) (S)J^ (Q) which is the configuration space of 
compressible fluid. The dual space s* — A^ (Q) x T (Q) of the Lie algebra s is 
the product of one-forms and functions (identified with three-forms) on Q. The 
Lie-Poisson structure on s* is defined by 



(f,G)..(.,M) = /m.[|^,^Wc 



f 5G / 6F\ 6F / SG\ , , ,_, 
p(t^-(V,^ -TTT- V,— ))dq(90) 



and is known as the compressible fiuid bracket. Here (M — M • (iq,p) e s* and 
it is assumed that 5F/5M.,5G/5M. e X(Q). 

The complete cotangent lift from the semi-direct product to the Lie algebra 
of Hamiltonian vector fields 

s ^ : X = (0, X) -> X" = X" + X^ 

is the sum of X" and X^. X" is the Hamiltonian vector field 

X- = X^— - L^ + ^]A. 

on T*Q with the Hamiltonian function Hx (p, q) = p • X + (q) . In this case, 
the dual map 

$ : 0* ^ S* : H,d ^ (p, M) 

of generalized complete cotangent lift X — s> X"^* is the first two moments of the 
momentum- Vlasov variables 

P{q)= jiVq-Up)d^P, M = J{Uq+p{Vq-Up))d^p (91) 

and is the plasma-to- fiuid map in the momentum variables Hid- By direct 
calculation, one can check that 
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Proposition 26 The mapping in Eq. \91]) is a momentum and a Poisson map 
from the momentum- Vlasov dynam,ics on g* to the com,presihle fluid dynamics 
on 5* . 

The substitution g* — > F {T*Q) : Xlid -^ f (q, p) in Eg.dTOt gives the usual 
plasma-to-fiuid map (for M —pv ) 

/ (q, P) ^ (/o(q) ^ f{<\, P) dt^V, v(q) = / p/ (q, p) d^p) 
in density variable as described in |40) . 
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5 Quantomorphisms for ID Plasma 

Recall that Hamiltonian function of a Hamiltonian vector field is only deter- 
mined up to an additive constant. Based on this and with reference to the work 
of Van Hove in [T^, it was already (foot-)noted in [38, that the correct config- 
uration space for the Maxwell- Vlasov equations is the group of transformations 
of R^ X M preserving the one-form p • dq^ + ds. This is the group of strict contact 
transformations. In [57j it was shown how certain geometric constructions un- 
derlying Vlasov-type equations require the use of strict contact transformations, 
also known as quantomorphisms. In particular, group of quantomorphisms was 
used in [19] in order to cast Euler's fluid equations on a geometric footing. In 
this section, we shall indicate, for the simplest case of one-dimensional plasma, 
relations between Vlasov dynamics and coadjoint motion on dual of Lie algebra 
of group of quantomorphisms in three-dimensions. Our discussion will be based 
on comparisons of the results obtained in section 3 for dynamics of plasma parti- 
cles and, in [13] for dynamics of particles moving with contact diffeomorphisms, 
within the general framework outlined in, for example, [18j . See also [3], [5], 
[32] , [3S] for ingredients from contact geometry and [55] , [33] , [75] , [TS] for group 
of quantomorphisms. 

5.1 Lie algebra of infinitesimal quantomorphisms 

Let 7^ be a three dimensional manifold with a contact form c e A^ (V) sat- 
isfying da A a ^ 0. The kernel of a determines a contact structure on V. A 
diffeomorphism on V is called a contact difFeomorphism if it preserves the con- 
tact structure. We denote the group of contact diffeomorphisms by 

Diffcon {V) - {</7 e Dif! {V) : </.V ^\a,\eF {V)) . 

In Darboux's coordinates {q,p,s) on V, we take the contact form to be cr = 
pdq — ds. A vector field on the contact manifold {P, <j) is a contact vector field if 
it generates one-parameter group of contact diffeomorphisms [3], [32- We denote 
the space of contact vector fields by 

Xaon {V) ^{XeX{V): Zxo = Act, A e ^ (P)} . (92) 

For each real valued function H = H{q,p,s) on P, there corresponds a 
contact vector field 

_^dH_d_(dH_ dH\d_ f dH_ \ d_ 
dp dq \ dq ds J dp \ dp J ds 

on V satisfying the identities 

ixnO- = H ixado- = (iR^dH) a - dH, (94) 

where R^ = —d/ds is the Reeb vector field of a. Ra is the unique vector field 
satisfying ir^u = 1 and iR^da = 0. The divergence divdfj,XH of AT// with respect 
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to the contact volume form dji ^ da A a can be computed to be divd^iXn = 
2RrjH. Cartan's formula Cx„ — dixn + ixn^ and Eg. ([94]) imply that the 
coefficient functions A in Eg. ([5^ must be of the form A ((7,p, s) = in^dH, that 
is, 

^Xh(^ = {iRadH)(T. 

Contact Poisson (or Lagrange) bracket 

SKH}-——-—— —( —-h] —(k-—\ (95) 
"^ dp dq dq dp ds \ dp J ds \ dp J ' 

of two smooth functions H and K on V induces a Lie algebra structure on 
J^{P)- The identity — [Xk,Xh]jj^ = X^j^ i^y establishes the isomorphism 

{X,on{V),-[, ]jl)^^{T{V)A, }c) (96) 

between the Lie algebras of functions and contact vector fields. Here, [ , ] j^ is 
the Jacobi-Lie bracket of vector fields. 

An element ip e Diffcon (V) is called a strict contact transformation or a 
quantomorphism if ip*a = a. We denote the group of quantomorphisms by 
OiUfon {V) . The Lie algebra of DifrcL (^) is 

^co„ {V) = {Xh e Xco„ {V) ■.Cx„cj = 0} 

which requires, for elements of X^*„ {V) , the condition A = in^dH = on the 

function H. This gives dH/ds = 0. Hence, functions associated to elements of 

the Lie algebra X^*„ {V) are independent of the last coordinate in {q,p, s) . This 

condition reduces the Lagrange bracket in Eo. ips)) to the nondegenerate Poisson 

bracket 

_ dH_dI£ _ dH_dK_ 
{K,Hi^,Q- ^^ ^^ - ^^ ^^ (97) 

on a two dimensional cotangent bundle T*Q with local coordinates {q,p). 
Thus, we are led to consider the principal circle bundle 

S'^{V,<y)^iT*Q,nT'Q), (98) 

which is the so called quantization bundle of the symplectic manifold {T*Q, ^t*q), 
with a — pr*9T'Q — ds where 6t'Q = pdq is the Liouville one- form on T*Q and 
pr*UT*Q = da ^Q. Since dimQ = 1, r*Q is the phase space of one-dimensional 
plasma particles. The contact form a may be regarded as a connection one-form 
on P — >■ T*Q. With respect to this, the horizontal lift of a vector field X on 
T*Q to a vector field on P is locally given by 

X ^X''°'' = X + a(X)-^. 

ds 

For a Hamiltonian vector field Xf^, the vector field 

Xf:'^XJl°^ + ihopr)R„ (99) 
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is an infinitesimal quantomorphism, that is, an element of X^o„ (V). Here, we 
regard h to be restriction of a function H on V associated to a strict contact 
vector field. In Darboux's coordinate, we have 

, _ dhd_ _ dhd_ / ^ _ A ^ 
^ dp dq dq dp \ dp J ds 

which can be obtained from the contact vector field in Eq. (j93p by imposing the 
condition h {q,p) = H {q,p,s = 0) . The equality 

reduces the isomorphism in ()96p to 

(X:L(^),-[, ],,J^^(^(T*Q),{, }j,.g)^^(Xw(T*Q)xK,-[, ]^J 

(100) 
establishing, at the first step, the isomorphism between the Lie algebra of in- 
finitesimal quantomorphisms on V and the Poisson bracket algebra of functions 
on T*Q and, at the second step, the isomorhism of Poisson bracket algebra to 
the Lie algebra of central extension of Hamiltonian vector fields [13] , [E] , [2] ■ 

Remark 27 The group of quantomorphisms coincide with the automorphism 
group of the quantization bundle i98\) . An automorphism of a principal S— bundle 
V — > M is a diffeomorphism of V equivariant with respect to the action of the 
structure group S. If ^ : V — > V is such a diffeomorphism, then it induces 
a diffeomorphism Lp : A4 — > A4 of the base manifold via pr o ^ — ip o pr. If 
we take V to be the trivial bundle S x Ai then the group Aut{S x A4) of au- 
tomorphisms is isomorphic to Diff{M)(§)Gau{S x A4) and the automorphism 
algebra is aut{S x M) ~ X{M)®T{M,s) where J^{M,s) is the space of s- 
valued functions on M. [TB\j . Restricting to contact automorphisms of the circle 
bundle above one arrives at the central extension Xham (T*Q) (S)R. 

5.2 Kinetic equations of contact particles 

Proposition 28 The dual space X*q„ (V) of the algebra Xcon {'P) of contact 
vector fields is 

Kon CP) = {r (g) d^ e A^ (r) (E> Den (V) : dV Aa - 2r Ada ^ 0} (101) 

where a is the contact form and d/j, — da A a is the contact volume form on V ■ 
Proof. This follows from the requirement that the pairing between Xcon (P) o-nd 
X*Q„ (V) be nondegenerate. We compute 



/ {r,XH)-pdfi = / TAixn 
Jv Jv 



d/i 



TA{ixHda)Aa+ (ixwCr) FA dcr 
■p J-p 

I T A[[iB.JH)a-dH)Aa+ f HT A da 
J-p J-p 

I H{2T Ada-dT Aa), (102) 

Jv 
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where we used identities in Eq. Jff-^p and integration by parts and, omit divergence 
terms. ■ 



The coadjoint action of Xcon i'P) on X*^„ {V) is given by 

ad*XH (r ® dy) = {Cxh^ + (divd^^XK) T) ® dfi 
and the Lie-Poisson bracket on X*q„ {V) is 



(103) 



{ic,n}iT) = -J^(r, 



SIC 5H 
'ST'~6r 



JL/ V 



d^=- {T,[XK,XH]jL)j,dfi, 
Jv 



(104) 

where K,, TL are functionals on X*o„ (V) and we assume the reflexivity condition 
SIC /ST = XA',(5-H/^r ^ Xh e XconiV). The Hamiltonian operator Jlp (T) 
associated to the Lie-Poisson bracket in Ea. (|104p is defined as [SO] 



{/c,7^}(r)= / (Xk,Jlp ir)x H}rdn. 

Jv 



(105) 



and the Lie-Poisson equations on X*q„ {V) take the form 

r = JiP (F) Xh = -ad*x„T = -Cx^r - {d^Vd^.XH) T. (106) 

Proposition 29 T/ie Hamiltonian differential operator associated to the Lie- 
Poisson bracket in Eq. {lOj^ is 



Jlp (r) = - 



fY— + — .T T— + — -T r,— + -.r\ 

^ dq dq '' ^ dq dp '^ ^ dq ds "^ 

g"o r TT— ■ i p i p7^ h 7^ • i p i s'^ r -77- ' i p 

an Oo OB OB op ds 

\ OS oq OS op OS OS 



(107) 



where d/dq ■ Tp — Tpd/dq + dVp/dq, etc. 



In local coordinates (g,p, s, FgjFp, Fs) on T*V, the kinetic equations (|106p 
of contact particles take the form 



dH dH^ 

dq ds 



tp = -XH{Tp) + A^+i^Tp 
dp ds 

f, - _x«(r,) + A?^ + 3?^F„ 

ds ds 

where A stands for the linear differential operator 

d d d d 

A = Vp— -Fg— +pFp— -pF^ — . 
dq dp ds dp 



(108) 



(109) 
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With respect to L^-pairing, the dual space of the Lie algebra (J" {V) , { , }^) 
is the space of densities Den {V). Using the Lie algebra isomorphism 

F{V)^X,on{V):F^XF, (110) 

the definition of an element of Den (V) can be obtained from the dual map 

Kon i'P) -^ Den (r):T(g,d^~^2TAd<7-dTAa (111) 

and defines a real valued function i^ on P by 

Fdfi ^ 2r Ada- dr Act. (112) 

This is the density of particles moving individually with the right action of 
contact diffeomorphisms. In coordinates, we let F — Tqdq + Vpdp + T sds and 
recall that d/i — dq A dp A ds. Then, the density function of contact particles 
with momentum coordinates F ® d/i S ^ton i'P) becomes 

With this definition, the Lie-Poisson bracket in Eq. (|104l) reduces to the one 

{/C,H}(F)=^f|^,^| df, = J^K.hpiF)Hdt,, (114) 

on Den [V), where we assume 6n/5F = H, 51C/5F = K e F (V) . Here, Jlp (F) 
is the Hamiltonian operator for the Lie-Poisson bracket. 

Proposition 30 The Lie-Poisson equation on Den (V) ~ ^con (P)' '^•^ kinetic 
equation of contact particles, is 

F = ~ad*HF = Jlp (F) H = {H, F}^ - 2diva^ (Xh) F (115) 

where the Hamiltonian operator Jlp (F) is 

B BF 

Jlp{F)=Xf + AF— + —. (116) 

OS OS 

Proof. The coadjoint action is computed from 

{ad*HF,K) = {F,adHK)^{F,{H,K]^) 

= J F{H,K}^dp = -J F (xh [K] + ^k\ dp (117) 

= j (xh {F) + d^vd^, {Xh) F ~ ^f\ Kdpi 

= j 1{F, H}^ + divdf. {Xh) F - 2^f) Kd,i 

= f {{F,H]^ + 2diVd^{XH)F)Kdp, (118) 

Jv 
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where we used integration by parts at the third line and the identities 

{H, K}^ = Xk (H) + ^H = -Xh (K) - ^K (119) 

OS OS 

at the second and fourth lines. We single out H in the expression 

ad*HF = {F, H}^ + 2divd^ (Xh) F, (120) 

to find the Hamiltonian operator J^p (F). The verification of Hamilton's equa- 
tion Eq. ill 5]} is a straightforward calculation which follows directly from the 
Lie-Poisson in Eq. 11108]) together with the definition ill 3]) of F. ■ 

5.3 Quantomorphisms and momentum- Vlasov equations 

We shall obtain kinetic equations of a continuum consisting of particles in 
P C M^ moving under the right action of quantomorphisms. We shall do this by 
restricting the Lie-Poisson equations for contact particles to strict contact trans- 
formations. We shall establish, with a proper choice of Hamiltonian functional, 
the equivalence of kinetic equations of quantomorphic particles in momentum 
and density variables to the momentum- Vlasov and the Vlasov equations for 
one-dimensional plasma. 

Coadjoint action of X^*„ {V) on (X^o„ (V))* is 

adx^t (r ® dfi) = Cx^t^ (Si d^i 

because divd^j.Xf^ — 0, VX^* £ X^*„ {V) . Accordingly, the Lie-Poisson equations 
for momentum variables F S (X**„ ("P)) become 



F, = -XlHT„)+(A- 



(r,) + (. 



dh 
dq 



~r)h 

F, = -X,f(Fp) + A- 



F, = -Xf(F,), (121) 

where A stands for the linear differential operator 

i = F— -F— - F — 
^ dq "^ dp "^ dp 

Using techniques of previous sections the following can readily be verified 



Proposition 31 The complete cotangent lift {X^) of an infinitesimal quan- 
tomorphism is 

and the kinetic equation il21\] of quantomorphic particles can be written as 

ver{T)^V{XtT- 
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Remark 32 Ea A121\] is a system of first order pde for three unkown functions 
of essentially two variables {q,p) because s dependence of the one-form T cannot 
be determined from these equations. That means, suppressing s dependence, the 
flow defined by Ea A121\) is actually two dimensional. 

The density function of quantomorphic particles may be obtained as for 
density of contact particles. In this case, since components of X^* is independent 
of fiber variable s we get 



fiq^p)^ J F{q,p,s)ds (122) 

where F {q,p, s) is given by Ea. (jll3p . 

To relate the quantomorphisms to plasma motion, we will use the Lie algebra 
isomorphism into Xham {T*Q) — > ^con (^) given in Ea. (l99)) . The dual of this is 
the momentum map 

J? : {KL i'P))* -^ ^L™ {T*Q) ■■ Tqdq + Tpdp + T,ds -^ U,dq + Updp 
defined as (JJg (F) ,Xh) = (r,X^*) and is given by 

^qiq.p)^ l^qiq,P,s)ds, Ilp{q,p)^ rp{q,p,s)ds, Ts^O (123) 

for which the Lie-Poisson equations (|121[) reduces to 

, , d^h d^h 

n, = _x„(n,) + np— -n 



dq^ ""'' dqdp 
d^h d^h 

dqdp '' dp^ 



ilp = -Xh{np)+\lp^^-^-Xlq^^. (124) 



In particular, choosing h{q,p) — p^ /2m + e(f>{q) we obtain the momentum- 
Vlasov equations for one-dimensional plasma. The density variable defined 
by Eq. (jl22p reduces the Lie-Poisson equation ()106p to one-dimensional Vlasov 
equation. 

5.4 Hierarachy of Eulerian equations 

One can now expand on the relation between the Poisson- Vlasov equations and 
the Euler equations of compressible fluid given by the plasma-to-fluid map. 
Combining this with the results of previous sections, we have the following 
diagram relating various kinetic and fluid theories 
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Configuration Space 



Lie Algebra 



Dual Space 



Diff{Q)®F{Q) 
I cotangent lift 

DlffcaniT*Q) 

4, horizontal lift 
Dtfff,^{T*QxR) 

4, inclusion 
Diff,oniT*QxR) 



X(Q)(S)^(Q) 
4, cotangent lift 

4, honiomorpliism 

X^*„(T*QxM) 

4, inclusion 

Xcon(T*QxM) 



Ai(Q)x^(Q) 

4" plasma to fluid 

A^{T*Q)/dJ-{T*Q) 

'f quanto to plasma 

A^*„(r*QxM) 
t contacto to quanto 

Acon{T*QxM.) 



In addition, the Poisson map generated by the action of semi-direct product 
Dif f{Q,)®J^{Q) reduces the Maxwell- Vlasov equations to the Euler-Maxwell 
equations. In the limit that the speed of light tends to infinity, these equa- 
tions become the Poisson- Vlasov and compressible fluid equations, respectively. 
Elimination of the electric field in Euler-Maxwell equations results in the mag- 
netohydrodynamics equations |40| . 
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6 Gauge Symmetries and Poisson Equation 

The general theory of reduction imphes that constraints on Eulerian dynamics 
can be described as momentum map associated to some gauge symmetries of 
the underlying geometric structure. For the Maxwell- Vlasov system the non- 
evolutionary Maxwell equations come out as constraints resulting from the gauge 
symmetries of the electromagnetic field [S^ . In this section, following the ref- 
erence |24| . we describe the Poisson equation as a momentum map associated 
with the gauge symmetry J-{Q) of Hamiltonian dynamics on phase space T*Q 
of particle motion. Such a description is possible only if we consider the semi- 
direct product space F{Q.)®Dif fcan{T*Q), where T{Q) acts on Diffcan{T*Q) 
by composition on right. In obtaining Poisson equation, we rely necessarily on 
the fact that the dual of Lie algebra isomorphism into is a momentum map |22j , 
[37] because the Lie algebra bracket on dF{Q), or equivalently, the Lie- Poisson 
bracket on the dual A^(Q) is trivial. 

6.1 Actions of J^(Q) 

The canonical symplectic structure on T*Q is invariant under the translation 
of fiber variable by an exact one-form over Q. This is the gauge transformation 
of canonical Hamiltonian formalism. More precisely, let J^{Q) be the additive 
group of functions on Q. Define the Lie algebra of J^[Q) to be the space dF{Q) 
of exact one- forms on Q. J-{Q) acts on T*Q by momentum translation p — > 
p — Vg0 (q) for G J^(Q). The generator is given by the vertical lift 

X^ (q, p) = - Vg(/. (q) • Vp = ver {-d4>) (q, p) (125) 

of the one-form dcj). This is a Hamiltonian vector on T*Q with the Hamiltonian 
function regarded as an element of F{T* Q) . 

^ [Q) acts on TT*Q by the tangent lift of the fiber translation on T* Q. In 
coordinates, this action is given by 



(z, z) = (q, p, q, p) K^ (q, p - V,0 (q) , q, p-(q ■ Vg)V,0 (q)) (126) 

and the generator is the complete tangent lift 

X^ (z, z) - -V,0 (q) • Vp - (q • V,) (V,0 (q)) • Vp (127) 

of Xip. This is also a Hamiltonian vector field on TzT*Q with respect to the 
Tulczyjew symplectic two-form U,tt*q and for the Hamiltonian function 

iJTT*s(z,z) = q-V,(/.(q). (128) 

Moreover, the one forms di and 'i?2 in Eas. (|^5)) and (|27p of the special symplectic 
structures on TT*Q yield 

ixj^i = Htt'Q, %xf2 = (129) 

upon contraction with the generator X'i of the lifted action. 
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Proposition 33 The additive group J^{Q) of Junctions on Q acts symplectically 
on T*Q and tensorial objects over T*Q. 

The induced action of -F (Q) on tensorial objects over T*Q includes, in 
particular, the Tulczyjew symplectic space TT*Q. For another example, the 
action on T*T*Q is given by 

(q, p, TTg, TTp) -^ (q, P - Vq0 (q) , TTq + (TTp • V,) V,0 (q) , TTp) , (130) 

whose infinitesimal generator is the complete cotangent lift 

X^*(z, TT,) = -V,(/. (q) • Vp + (TTp • V,) V,0 (q) • V,, (131) 

of X^. The hft X"^* is a Hamiltonian vector field on T*T*Q with the Hamil- 
tonian function Ht*t*q{^,t^) = ^T^p ■ Vg0 (q) with respect to the canonical 
symplectic two- form Q.t*t*q.- 

The action on zero-forms, that is, on space J-{T*Q) of functions is ob- 
tained by composition and, the action on top forms, or equivalently, the space 
Den{T*Q) of densities on T*Q will be given by composition of the volume 
density function with the fiber translation once we choose the Liouville volume 
d/d = fl^,Q as a basis for the space of six- forms. 

X^ and XT are generators of the action of J^(Q) on g = X^„„(r*Q) and 
Q* C A^(T*Q), respectively. As we identified g* as the subspace (g*)' of Tr*Q, 
it will be convenient to consider the corresponding generator on this subspace. 
Since tt" — {~TTp,TTq), we find 

X^ (z, z) |(,.), - -V,0 (q) • Vp + (TTp • V,) (V,0 (q)) • Vp (132) 

and this is Hamiltonian with — tt^ • VqCJ) (q) with respect to the Tulczyjew sym- 
plectic structure. 

6.2 Poisson Equations 

Having the Hamiltonian actions of gauge group J' (Q) on various spaces over 
T*Q, we can now compute the momentum maps into the dual space Den{Q) 
of densities (three-forms) on Q. To this end, we recall that the true configu- 
ration space of the Poisson- Vlasov dynamics is the semi-direct product space 
^ {Q)®Dif fcan{T*Q,) with the action of J^(Q) on second factor given by fiber 
translation. On the other hand, the Lie algebra of vector fields generating the 
Hamiltonian action of T {Q) is commutative. That means, we have a trivial 
Lie-Poisson structure for the first factor. So, we first consider a convenient 
framework for the adjoint action of J-" (Q) on its algebra and the corresponding 
momentum map [24] . 

Let A^(Q) be the space of one-forms on Q. We regard the algebra dJ- [Q) 
as a subspace of A^(Q). We obtain the action on A^(Q) by identifying it with 
T*Q and take the action on dJ^ [Q) to be the one induced from A^(Q). Thus, 
we have 

A"(Q) X K\Q) -^ K\Q) : (0 (q) , p-dq) ^ p-dq - dcj) (q) (133) 
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where we denote A°(Q) = J^{Q). From an algebraic point of view, the exte- 
rior derivative d : A°(Q) — )■ A^(Q) can be interpreted as a map describing a 
Lie algebra isomorphism (up to addition of constants) of the additive algebra of 
functions J^{Q) into the additive algebra of one- forms A^{Q) [IS]- We define the 
dual spaces of dT{Q) c A^(Q) and A°(Q) to be the space of two forms A^(Q) 
and the space Den{Q) of densities (three-forms), respectively. The additive 
algebras dJ-{Q) and A''(Q) can be identified with their duals by the Hodge du- 
ality operator * associated to a Riemannian metric on Q. Then, the L^— pairing 
between them becomes 

{*d(/), d(f)) ^~ (f>d* d<j>, (*(/), 0) = / 0^ * 1 (134) 

the first of which is non-degenerate for functions satisfying d* d4> j^ 0. We can 
now compute the momentum map 

J^(Q) : A2(Q) -> Den{Q) (135) 

for the action of gauge group -^(Q) on its Lie algebra from 

(J^(Q) {*d(t> (q)) , (q)) = - / (q) rf * d0 (q) (136) 

JQ 

which, for the Euclidean metric on Q, gives d* d(f> (q) = V^0 (q) d'^q. 

For the momentum map g* — >■ dJ'{Q)* we first recall a property of the 
vertical lift of one-forms. The vertical lift of an exact one-form d(j) (q) = Vq(j>-dq 
is given by ver {dip) = yq4> ■ Vp. For any function : Q — >■ M, ver {dcj)) is a 
Hamiltonian vector field with respect to the canonical two- form Q,t*q for the 
Hamiltonian function —0. Conversely, any Hamiltonian vector field which is 
also vertical can be identified with its Hamiltonian function on Q. Therefore, 
we have the identification 

T{Q) ^ver{dT{Q)) = Xham{T*Q) n VT*Q. (137) 

Obviously, the algebra of vertical Hamiltonian vector fields is commutative. So, 
we have the commutative subalgebra 

[ver{dF{Q)), ver{dF{Q))] = (138) 

in the algebra Xham{T* Q) of all Hamiltonian vector fields. If we regard dF{Q) 
as a Poisson algebra with zero Poisson bracket, then the map ver : dT{Q.) — > 
^hamiT* Q) may be interpreted as a Lie algebra isomorphism-into. Hence, the 
dual map 

ver* : g* = XL„,(r*Q) ^ dT^Q)* = A'{Q) (139) 

is a Poisson map into a trivial Lie-Poisson structure. More conveniently, we take 
verod : J^{Q) -^ and the dual map (verod)* : q* — >■ Den{Q) is a momentum 
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map given by 

((werod)*(n,<i),0) = (n,d,wer(d0)) = (n,d(z),V,0(q)-Vp) 

Up{z) ■ \/ q(j) (q) dn (z) 



T*Q 



f ~(f>{q)Vg■Up{z)d^l{z). (140) 

Jt'q 



Combining this with the momentum map in Ea. (|136p with * being defined by 
the EucUdean metric, we have 

Iv ■■ *dJ-{Q) X g* ^ Den{Q) 
Jp(*d0(q),n,<i(z)) = (V2(/.(q)-yV,-np(z)d3p)d3q (141) 

whose zero value gives the Poisson equation 

V^</>(q) = yV,-np(z)d3p. (142) 

Proposition 34 The zero value of momentum m,ap jj-p : *dJ-'{Q) x g* — > 
Den{Q) for the action of gauge group J^{Q) constrains the dynamics of the 
momentum- Vlasov equations (0), (0i onQ*. Similarly, the zero value of*dJ-{Q)x 
Den(T*Q) — ?> Den{Q) constrains the dynamics of the Vlasov equation (0) on 
Den{T*Q). 

To obtain the usual Poisson equation as given by Eq.([T]), we think of J^(T* Q) 
equipped with the Poisson bracket to be an algebra isomorphic to the Lie alge- 
bra of Hamiltonian vector fields. Then, J-{Q) is a commutative subalgebra of 
{F{T* Q) , { , ^T'q) corresponding to the generators of action of F{ Q) . Thus, we 
have the Lie algebra isomorphism from the additive algebra of functions -^(Q) 
into the Poisson bracket algebra on J-{T*Q). Using dualization, the momentum 
map Jden : Den(T*Q) -J> Den{Q) is gl| 



{Iden ifdfi) , 0) - - / / (z) (q) dfl (z) . (143) 

Jt'-q 

Combining with Jjr(g) in Ea. (|136p . we have 

Iv ■■ *dT{Q) X Den{T*Q) -> Den{Q) 
Iv{*d<j>,efdtx) = -(V^0(q)+e/ f (z) d\)d\ (144) 

whose zero value results in Eq.([T]). To show that this is equivalent to the Poisson 
equation (|142p one can use the definition of the density in Eq- pH]) and omit the 
divergence terms |24) . 
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Remark 35 The Poisson part of the Poisson- Vlasov system involves as a kine- 
matical constraint into the variation of the Hamiltonian functional \24^ . The 
dynamical Vlasov part arises as a non-canonical Hamiltonian system in Eule- 
rian variables. The constraint imposed by the Poisson equation is essentially 
obtained from the action of J^{Q) on the cotangent bundle T*Q. In this case, 
the zero level sets of momentum mappings are coisotropic f^. In the language 
of Dirac formalism, the constraint is first class and hence does not affect the 
Poisson bracket on the reduced space. Thus, in obtaining equivalent dynamical 
formulations in alternative Eulerian variables we must use the same constraint. 
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7 Discussion and Conclusions 

We outline the results of the present work and summarize them diagrammat- 
ically. We comment on implications for other kinetic theories of the way we 
obtain the Poisson equation. Finally, we conclude with a discussion on how the 
ingredient of this paper may be used to study the orbital dynamics of plasma. 

The configuration space is G = Dif fcan{T*Q). The individual motion of 
particles is generated by the Hamiltonian vector field Xh G 0. The space of 
sections of the tangent space TT*Q of particle phase space admits the direct 
sum decomposition q(§) (g*) . TT*Q is symplectic with the Tulczyjew's symplec- 
tic two-form flTT'Q- Since any Hamiltonian vector field defines a Lagrangian 
submanifold of TT*Q, g is isomorphic to the space of all Lagrangian subman- 
ifolds of (Tr*Q, r^TT'c)- Complete cotangent hft X^* of Xh is canonically 
Hamiltonian on T*T*Q with the Hamiltonian function ixfj^id- Its vertical rep- 
resentative VX^* gives momentum- Vlasov equation. Both the complete lifts 
and their vertical representatives are Lie algebra isomorphisms into. 

The configuration space can be described as the space of Lagrangian sub- 
manifolds of sections of a trivial bundle 

G = Diff,an{T*Q) ~ LagT{pro, n^) 

and the corresponding representation of its Lie algebra is by the space of La- 
grangian submanifolds of Tulczyjew symplectic space 

Q^ iXham{T*Q);-l]) c^ Lag{TT*Q,nTT'Q)- 

This Lie algebra of Hamiltonian vector fields is isomorphic to the algebra of 
non-constant functions 

{Xham{T*Q);-[,]) ^ (J- (T*Q) /constants,! , }t*s) 

with canonical Poisson bracket. 

The generalized complete cotangent lift for symmetric contravariant tensor 
fields gives 

[X,Y]^*c = [X-,Y"],,^, (145) 

which is a Lie algebra isomorphism into X — > X^* : TQ — > g with [ , Ig'c; being 
the Schouten concomitant of tensor fields. The dual map gives kinetic moments 
in momentum variables and is a Poisson map from the Lie-Poisson bracket on g* 
to the Kuperschmidt-Manin bracket on T* Q. For the subalgebra X{Q) x F {Q) 
in TQ this construction results in plasma-to-fluid map in momentum variables. 
g admits a Lie algebra isomorphism into the Lie algebra of inflnitesimal 
quantomorphisms, or strict contact transformations 

KL {V) = {Xh e Xeon iV) ■.Cx„(T = Q}, 

of the quantization bundle 5*^ ~-+ (^j^r) — ^ {T*Q,^t'q) over particle phase 
space. This relates the kinetic theory of plasma particles to that of particles 
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moving with contact diffeomorphisms. The Lie algebra of infinitesimal quan- 
tomorphisms is included in the Lie algebra of contact vector fields on {V, a) 
which, in turn, is isomorphic to the algebra of functions on V with Lagrange 
bracket 

Dualizing these relations one obtains the hierarchy of kinetic theories for con- 
tact particles, quantomorphic particles which can be considered to be plasma 
particles and, compressible fluid. As is well-known, the last relation with flu- 
ids follows from the fact that the semi-direct product of diffeomorphisms and 
functions on Q can be lifted to canonical diffeomorphisms on T*Q. 

Formulation of Vlasov dynamics with the quantomorphism group includes 
also particle phase space translations which is missing, at the infinitesimal level, 
in present treatment. Infinitesimal quantomorphisms, as central extension of 
the algebra of Hamiltonian vector fields, arises naturally in the dual pair con- 
struction of J17j from the requirement that the action of Xham [T* Q) on certain 
space of embeddings be equivariant. The problem caused by constant functions 
on the Lie algebra side (no particle dynamics) also arises for the dual space of 
densities. In this case, the quotient in the space of densities 

(-F {T* Q) /R) ® A6 {T* Q) c, X^™ {T* Q) 

is identified with homotheties of particle phase space. 

Hamiltonian dynamics of particles has gauge symmetries J^{Q). The algebra 
of these symmetries can be realized as a subalgebra of g. It, thus, acts on TT* Q, 
T*T*Q and T(T*Q) by Hamiltonian actions. Combined with the coadjoint 
action on the dual space A^(Q), these actions give Poisson equations as zero 
values of momentum maps into Den(Q). Accordingly, the relations between 
particle motion and its symmetries with the Eulerian dynamical equations may 
be summarized by the diagrams 



J'iQ) '■ go-uge symmetry 

ver{dJ-{Q)) : algebra 
4, isom,orhism, into 
Xham{T*Q) « TiT*Q) 
dualize 

A2(Q)X0* A^Q)xDen{T*Q) 

I zero- values of 
i momentum maps 
Poisson 
equation in Hid 



divergence 



Xh{z)eXharn{T*Q) 

particle motion 

I cotangent 
i lift 

Xf^* (z. Hid) '■ canonical 
motion on g* 
I vertical 

i representative 

vx^* (n,,) : 

Momentum — Vlasov 
equations on q* 

divergence 



Poisson 
equation in f 



Vlasov 
equation on Den(T* Q) 
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The Poisson equations ([T|) and (|142p constrain the regions in the product spaces 
A^(Q) X Den(T*Q) and A^(Q) x g* for consideration of the plasma dynamics in 
the Eulerian variables {(j)f,f) and (i^njllid), respectively. More generally, one 
can consider canonical Hamiltonian motions of an ensemble of mutually inter- 
acting identical particles. The potential energy acting on individual particles 
will be a function of density of particles. Gauge symmetries of canonical Hamil- 
tonian formulation will then have an action on particle density. Reduction of 
Eulerian dynamics of density by gauge symmetries of individual particle mo- 
tion will result in Poisson-like equation. The Vlasov equation is the collisionless 
limit for one-particle density function of the more general BBGKY hierarchy 
of equations governing the evolution of many-particle density functions |41] . It 
will be interesting to see implications, if any, of constraints arising from gauge 
symmetries of particle motions to this hierarchy. 

The geometric treatment, on higher order tangent and cotangent bundles 
over T* Q, of the momentum- Vlasov equations will act as a model for an appli- 
cation of Tulczyjew construction for motions on coadjoint orbits. The coadjoint 
orbit C'fiid through 11^^ G g* admits a symplectic structure induced from the 
Lie-Poisson structure. Let Oxk denote the adjoint orbit in g through Xk G g. 
Being cotangent spaces, T*0^. and T*Oxk ^'^^ canonically symplectic as well. 
The situation is similar to the case of particle motion treated in section 2.3 once 
we replace the dual spaces T*Q and TQ with O^ and Ox^, respectively. So, 
we expect the tangent space TOJj. to the coadjoint orbit to admit Tulczyjew 
symplectic structure. As g and g* are vector subspaces of TT*Q and T*T*Q, 
respectively, Tulczyjew symplectic structure of TO^.^ will be the one related to 
XT*T*Q described in section 3.3. To make these ideas precise, we shall aim, in 
our next publication |14j . to construct the Tulczyjew triple 



T*0^, < TO^, > T*Oxk 



(146) 



^n.. Ox. 

for orbits of canonical difFeomorphisms. 
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